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Abstract 



We study cobordisms and cobordisms rel boundary of PL locally-flat disk knots 
D'^~^ ^ D^. Cobordisms of disk knots that do not fix the boundary sphere knots 
are easily classified by the cobordism properties of these boundaries, and any two 
even-dimensional disk knots with isotopic boundary knots are cobordant rel boundary. 
However, the cobordism rel boundary theory of odd-dimensional disk knots is more 
subtle. Generalizing results of Levine on cobordism of sphere knots, we define disk 
knot Seifert matrices and show that two higher-dimensional disk knots with isotopic 
boundaries are cobordant rel boundary if and only if their disk knot Seifert matrices are 
algebraically cobordant. We also find necessary and sufficient conditions to realize a 
Seifert matrix cobordism class among the disk knots corresponding to a fixed boundary 
knot, assuming the boundary knot has no middle-dimensional 2-torsion. This classi- 
fication is performed by relating the Seifert matrix of a disk knot to its Blanchfield 
pairing and by establishing a close connection between this Blanchfield pairing and 
the Farber-Levine torsion pairing of the boundary knot (in fact, for disk knots satisfy- 
ing certain connectivity assumptions, the disk knot Blanchfield pairing will determine 
the boundary Farber-Levine pairing). In asddition, we study the dependence of disk 
knot Seifert matrices on choices of Seifert surface, demonstrating that all such Seifert 
matrices are rationally S- equivalent, but not necessarily integrally S-equivalent. 

2000 Mathematics Subject Classification: Primary 57Q45; Secondary 57Q60, 11E39, 
11E81 
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1 Introduction 

Two locally-flat sphere knots, i.e. PL locally-flat embeddings Kq, Ki : S*""^ ^ S"", are 
called cobordant (sometimes concordant) if there exists a proper locally-flat PL embedding 
^ : ^"-2 X [0, 1] ^ X [0, 1] such that x = /sTq and i^l^'^-^ x 1 = -Ki. Here -Ki 

is the knot obtained by Ki followed by a reflection of S*". This "negative" knot occurs due 
to the usual reversal of orientation at one end of a cobordism. It was shown by Kervaire jH] 
that all knots of even dimension are cobordant to the trivial unknotted embedding, so all 
even-dimensional knots are null- cobordant, or slice. For odd-dimensional knots of dimension 
n > 3, Levine jT^j obtained complete necessary and suflicient algebraic conditions for two 
knots to be cobordant. These conditions are stated in terms of the Seifert matrices of knots, 
and two knots are cobordant if and only if their Seifert matrices satisfy a relationship of 
algebraic cobordism (a knot does not determine a unique Seifert matrix, but any two such 
Seifert matrices will lie in the same algebraic cobordism class). Levine also demonstrates 
the existence of knots that realize any possible algebraic cobordism class, within the other 
restrictions necessary for a matrix to be a Seifert matrix. 

In this paper, we turn our attention to the cobordism of disk knots, PL locally-flat proper 
embeddings D^~^ ^ D^. Since the embeddings are proper, each disk knot L determines a 
locally-flat sphere knot K on restriction to the boundary. We will call two disk knots Lq, Li 
cobordant if there exists a proper locally-flat PL embedding £ : D^~^ x [0, 1] ^ x [0, 1] 
such that X = Lo and iI|S'"~^ x 1 = —Li. Note that the restriction of £ to 

QDn~2 ^ \^,V\ provides a cobordism between the boundary sphere knots Kq and Ki. If 
this cobordism extends to an ambient isotopy of Kq to i^i, we will call £ a cobordism rel 
boundary. 

The cobordism theory of sphere knots was flrst studied by Fox and Milnor [5| as they 
sought to remove singularities of embeddings of manifolds by replacing cones on smooth knots 
by "slicing disks". By studying cobordism rel boundary of disk knots, we seek to classify 
precisely such slicing disks up to their own cobordisms, so in some sense we are studying 
a second order of cobordism theory. The results of this theory will provide some measure 
of the number of ways in which a codimension two embedding with point singularities of a 
manifold can be converted into a smooth embedding via the local resolution of singularities. 
On the other hand, there is another close relation between smooth disk knots and sphere 
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knots with point singularities (see f^), and the cobordism theory of the former will be 
essential in studying that of the latter. In a future paper, we will study the cobordisms of 
knots with point singularities and obtain a similar measure of the number of ways to remove 
0-dimensional strata from manifold embeddings with 1-dimensional singularities (the natural 
goal is to reduce the number of necessarily distinct strata in a stratification). 

We now outline the main results of this paper. Three of the four cases of interest can be 
studied rather easily, and we will obtain the following results almost immediately: 

Proposition 1.1 (Proposition 1^3)1 . Ifn is even, then two disk knots Lq,Li : D^^^ D"' 
are cobordant if and only if their boundary knots are cobordant. 

Proposition 1.2 (Proposition 1^71)1 . Ifn is even, then any two disk knots Lq, Li : D^~^ 
with isotopic boundary knots are cobordant rel boundary. 

Proposition 1.3 (Proposition . Ifn is odd, then any two knots Lo,Li : — > 
are cobordant. 

This leaves the more challenging case of cobordism rel boundary for odd dimensional 
disk knots. To study this case, we will need to introduce Seifert matrices for disk knots. 
As opposed to Seifert matrices for sphere knots, which arise as certain forms on the middle 
dimensional homology of Seifert surfaces, Seifert matrices for disk knots are forms defined 
only on certain quotient homology modules. Disk knot Seifert matrices also may differ from 
those for sphere knots in that, if A is such a Seifert matrix, the matrix A + (— need not 
be integrally unimodular, only rationally so. Nonetheless, algebraic cobordism is well-defined 
on this larger class of matrices, and we attain the following conclusion: 

Theorem 1.4 (Theorem I3.15j) . Let Lo,Li : ^ D^n+i^ n > 1, be two disk knots 

with the same boundary knot. Let Aq and Ai be Seifert matrices for Lq and Li, respectively. 
Then Lq and Li are cobordant rel boundary if and only if Aq and Ai are cobordant. 

Several interesting corollaries follow: 

Corollary 1.5 (Corollary I3.16|) . Suppose that Lq and Li are disk knots q D^n+i^ 

n > 1, such that OLq = dLi = K . Then a necessary condition for Lq and Li to be cobordant 
rel boundary is that the product of the middle- dimensional Alexander polynomials c^'^{t)cf^^{t) 
be similar in Q[t, t~^] to a polynomial of the form p{t)p{t~^). 

Theorem 1.6 (Theorem HHH). Let Lq and Li be two disk knots D^^-i c D^n+i^ n> 1, 
with common boundary K . Then there exists a sphere knot K, : S*^""^ C 5^"^^ such that Lq 
is cobordant to the knot sum (away from the boundary) Li^K,. 

Theorem 1.7 (Theorem I3.20j) . Given any disk knot L : /)2n.-i ^ /}2n.+i^ n > I, L is 
cobordant rel boundary to a disk knot Li such that 7rj(D^""^^ — Li) = 7ii{S^) for i < n. 

This last theorem tells us that every disk knot is cobordant rel boundary to a simple disk 
knot. 
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The next question to consider is that of which cobordism classes of matrices arise as 
the Seifert matrices of disk knots. We will show that all possible such matrices occur for 
knots of sufficiently high dimension, but we will also be interested in the sharper question 
of which classes arise for disk knots given a fixed boundary knot. It turns out that if the 
boundary knots has no middle-dimensional 2 -torsion then the determining information from 
the boundary knot is its Farber-Levine torsion pairing since, as we will see, there is a close 
relationship between the Blanchfield pairing of a disk knot, which is determined by its Seifert 
matrices, and the Farber-Levine torsion pairing of its boundary knot. In fact, if a disk knot 
is simple, i.e. its complement has the homotopy groups of a circle below the "middle" 
dimension, its Blanchfield pairing will completely determine the Farber-Levine pairing of its 
boundary knot. In particular, C is the infinite cyclic cover of the disk knot complement and 
X is the infinite cyclic cover of the complement of its boundary sphere knot, we can prove 
the following: 

Theorem 1.8 (Theorem 15. Given a simple disk knot .D^n-i jj2n+i ^ module 
Hn-i{X) and the Farber-Levine Z-torsion pairing on its Z-torsion suhmodule T„_i(X) are 
determined up to isometry by the isometry class of the Blanchfield self-pairing on Hn{C). 

Theorem 1.9 (Theorem 15. 2p . For a simple disk knot L : /)2n-i (- jj2n+i ^ ^j^^ A-module 
Tn-i{X) and its Farber-Levine Z-torsion pairing are determined up to isometry by the isom- 
etry class of cok{Hn{X) — > Hn{C)) with its self- Blanchfield pairing. 

Corollary 1.10 (Corollary 15. 3|) . For a simple disk knot L : ^D^n-i (- ]j2n+i ^ A-module 
Tn-i{X) and its Farber-Levine Z-torsion pairing are determined up to isometry by any Seifert 
matrix for L. 

These theorems, together with a theorem of Kojima 0, will allow us to prove that, given 
a fixed boundary knot K of sufficiently high dimension and with no middle- dimensional 
2-torsion, any cobordism class of matrices containing an element that correctly determines 
the Farber-Levine pairing of K is realizable as cobordism class of Seifert matrices of a disk 
knot with K as its boundary knot. See Theorem 14 . 1 21 for a more accurate statement. 

In the course of these investigations, we will also need to engage in an in-depth study of 
how the Seifert matrix of a disk knot varies with choice of Seifert surface. In particular, in 
an extended technical section we will prove the following theorem: 

Theorem 1.11 (Theorem l6.ip . Any two Seifert matrices for a disk knot differ by a rational 
S- equivalence. 

The organization of this paper is as follows: In Section we present the basic techni- 
cal details concerning Seifert matrices of disk knots. In Section El we begin our geometric 
investigation and determine when two disk knots are cobordant. Section |3] contains the con- 
structions that allow us to realize the algebraic cobordism matrices geometrically. Sections 
El contains the discussion of the relation between disk knot Blanchfield pairings and their 
boundary sphere knot Farber-Levine pairings. Finally, Section IHl contains the calculations of 
how disk knot Seifert matrices change as the Seifert surface is varied. 
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2 Seifert matrix basics 



We first introduce some notation that will be in constant use: Let L denote a PL locally-flat 
disk knot L : Z}"~^ D^. All disk knots will be proper embeddings, i.e. fl dD"^ = 

Q]jn-2^ and there is a collar of the boundary in which the embedding is PL-homeomorphic 
to {dD"',dD"'~'^) X /. The boundary embedding ^ dD^ is the locally-fiat boundary 

sphere knot K. We will employ the standard abuse of notation and confuse the maps L 
and K with their images. We use C to denote the exterior of L, the complement of an 
open regular neighborhood of L; C is homotopy equivalent to D"^ — L. We use X to denote 
C n dD"', the exterior of K. Using Alexander duality (respectively, Alexander duality for a 
ball (see fHl P- 426]), X and C are homology circles and so possess infinite cyclic covers 
that we denote X and C. F denotes a Seifert surface for K, and V denotes a Seifert surface 
for L, i.e. an oriented bi-collared n — 1-dimensional submanifold of D"^ whose boundary is 
the union of L and a Seifert surface for the boundary knot K. Such Seifert surfaces always 
exist (see 0). Note that H^{dV) = H^{F) for * < n - 3. 

The groups H^{X), H^{C), and H^{C,X) inherit structures as modules over A = Z[Z] = 
Z[t,t~^] by the action of the covering translation. A A-module is of type K if it is finitely 
generated and multiplication by t — 1 acts as an automorphism. Equivalently, a A-module of 
type K is a finitely generated A[(t — 1)^^] module. It is well known that H^,{X) is a torsion 
A-module of type K for * > (see e.g. Since C is a homology circle, H^{C) is also 

of type K for * > by Levine J3 Prop. 1.2] since the proof of this proposition only relies 
on C being a homology circle. It then follows from ^1 Cor. 1.3] that H^,{C), * > 0, is a 
A-torsion module. Hence so is H^{C,X) from the reduced long exact sequence of the pair 
(in fact, it is similarly of type K by the five lemma applied to the long exact sequence of the 
pair under multiplication by t — 1). 

Let be a Seifert surface of a knot L : D'^"--^ <^ j^'in+i boundary Seifert surface 
F. Then HiiV, F) ^ Hi{V, dV) for z < 2r2 - 2 and H2n-i{V, F) H2n-i{V, dV) is onto. So, 
in particular, Hn{V,F) = Hn{V,dV), induced by inclusion, for n > 2. Poincare-Lefschetz 
duality implies that we have a nonsingular intersection pairing S : FniV) F„(V,F) — >• Z, 
where Fj is Hi modulo torsion. In particular, the ranks of Fn{V) and F„(V,F) are equal. 

We next need to investigate the duality properties of these modules more carefully around 
the middle dimension. Consider the portion of the long exact sequence of the pair given by 

Hn{F) Hr,{V) H^{V,F) Hn-i{F). 

Let E be the kernel of 9* mod torsion, and let E be the cokernel of mod torsion. If 
E = Z"^ and Fn{V,F) = 1} , then it is possible to choose a basis of F„(V,F) so that E 
is a subgroup of the subgroup E C consisting of the first m Z summands of Fn(y,F). 
This follows from the existence of a diagonal matrix representing mod torsion (see |T31 
Thm. 11.3]. In fact, we can further assume by this method that there are generators ctj of Z 
summands of E and non-zero least integers Qi > such that gjCtj is in the image of (mod 
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torsion). In other words, we can assume that 

?2 



v ■7 

Here E is the subgroup represented by the first m columns of this matrix. 

In what follows, we will use i^, p^, and 9* also to denote the maps induced mod torsion. 

To fix notation, let {ai}^^i be a basis for F) and {aj}™ ^ the restricted basis for 

E. Let {Sij'^^i be the dual basis in Fn{V) under S, i.e. S{ai,Sj) equals 1 ii i — j and if 
i 7^ j. We want to show that {Si}^^ is a basis for E, where 6i is the projection of 6i to E. 

Let S : Fn{V) ® F„(y) ^ Z be the pairing defined by S{a,b) = ,S(p*(a),6). Note that 
this is simply equal to the intersection number of chains representing a and b, and so also 
S{a,b) = (— l)"S'(p*(6), a). This induces a pairing T : E ^ E ^ Z. To see that this is 
well-defined, we need to show that S{a, 6) = if a or 6 lies in kerp*, but this is evident. 

We now claim that the dual elements to {ctj}^^ under 5* is a basis of E under the 
canonical projection of Fn{V) onto E: 

Proposition 2.1. The elements {^j}™^ are a basis for E. 

Proof. We must have Si ^ kerp* for i < m: li Si & kerp*, then for any 77 e Fn{V), 
S{Si,r]) = 0, as noted above. But we know that S{Si,ai) = 1 and that, by our choice of 
the basis there exists an integer Qi ^ and a G FniV) such that gittj = p*{Xi)- 

So if 6i G ker(p*), then qi = S{Si,qiai) = S{6i,Xi) = 0, a contradiction. Thus 6i ^ kerp*. 
Furthermore, there is no non-trivial linear combination v = ^diSi G kerp*, else similarly 
qidi — S{v, qiUi) = S{v, Xi) — 0. Thus the Si are linearly independent in E. 

Now, E and E must have the same rank. In fact, E and E are isomorphic, being the 
respective image and coimage of p^, and E and E have the same rank m by the construction 
of E. It remains to show that the 6i, i < span integrally. 

Let X be an element of E, let vr : FniV) ^ E = F„(\/)/(ker(p*) be the projection 
(here ker(p*) is assumed to have had its torsion quotiented out already), and let x G FniV) 
such that 7r{x) — x. Then x — Yl!i=i^i^i-: ^ ^- Similarly, let ttq : Fn{V) ® Q — >■ 
(F„(y) (g) Q)/(ker(p*) (g) Q) = ^ Q be the projection and let y G Fn{V) <S> Q such that 
7rQ(y) — x^l. Since we know that E'® Q is spanned by {Si ® we can choose ay of the 

form y = Y^^^i ^ii^i ® 1), n £ Q- Since ^{x) (g) 1 = 7rQ(a; (g) 1) = 7rQ(y), x (g) 1 - y G ker(7rQ). 
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Now let Sq and Sq denote the rational pairings induced from S and S. Then for 1 < j < m, 

= Sqi^qjaj ®l,x0l-y)) 
= Sqip^iXj (S)l),x (g)l - y) 
= SqiXj ^l,x^l - y) 
= ±Sq{x ®l - y,Xj ® 1) 
= ±Sqi{p^{x ®l-y), Xj ® 1). 

But SQ{qjaj (g) 1, x (g) 1 - y) = qjSQ{aj (g) 1, Yl'i=i ^ii^i ® 1) - YliLi 1)) = qjinj - rj) 
since the and 6i remain dual bases rationally. Thus we see that rij = rj. Therefore, 
X ® 1 — y = X]i=m+i^j^«- But this is in keT^HQ) fl = ker(7r). So x = ii{x) = 

''^{^ ~ Yli=m+i''^i^i) ~ """(Xlili '^i'^j)- This shows that X is in the integral span {6i}^i and 
completes the proof. □ 

Corollary 2.2. For i > m, 5i E ker(p*). 

Proof. It follows from the proof of the preceding proposition by taking x = 5i that 7r^.(5j) = 
for i > m and hence 6i G ker(p*). □ 

Now consider again p^, : Fn{V) — > Fn{V, F). If 5j, z < m is a basis element of E as above, 
then = Yl^i Rii(^h ci^nd Rji = S{p^{6i), 6j) = S{6i, 6j) = T{6i, 6j), since we have noted 

that the intersection pairing is trivial on elements in the kernel of p*. Thus with these bases, 
the transpose of the matrix R of the mapping is the matrix of the intersection pairing T 
on E. In other words, we have proven the following: 

Proposition 2.3. The matrix Rji of the mapping p^, : E E with respect to dual bases is 
the matrix of the intersection pairing T{6i, Sj. 

At this point, we note that since is a well-defined subspace of -F„(V, F), the {Si}, i < m, 
span a well-defined dual subspace in Fn{V). We have already noted that E shares this basis 
set under the projection from Fn{V). Hence to simplify notation below, we will identify E 
with the subspace of Fn{V) spanned by the {Si}, i < m, and remove the bars from the S 
notation. We can also then consider T as the restriction of 5* to this subspace. 

Similarly consideration to those above occur on the complement of V in Z}^"+^. We let 
Y = L)2n+i -V and Z = SL'^n+i _ ^ rj.^^^ . ^^^y) _> Fn{Y, Z) 

to define G, G, and G analogously to E, E, and E. It follows from Alexander duality for a 
ball and the computations in P[ §3.6.3] that the ranks of G, G, and G will also be m. 

Also by the arguments in jHl §3.6.3], which are similar to those above, we can now also take 
as a basis of G the duals {Pi}^^ such that L\ai, j3j) = Sij, where L' : Fn{V, F) (^Fn(Y) — >• Z 
is the Alexander linking pairing for a ball (see [H]). For G, assume that a basis {'Ji}i=i is 
chosen so that p^ can be diagonalized with G in this basis and such that G lies in the span 
of {li}iLi- We know also from that if the duals such that L"{'y'-,Sj) = Sij are 

another basis for Fn{V) (where L" : Fn{Y, Z) (g Fn{V) ^ Z is the other associated linking 
pairing), then the projections of {S^Yl^i are also a basis for E and is a basis 
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for kerp*. In particular then, we can change the basis {7^'}™^ to a basis {7i}^i that is dual 
to {Si}"^^: if S is a change of basis matrix such that 6i = J2f=i '^ij^j ® — i.'^'^Y (here ' 
indicates transpose), then let 7^ = Y,j ^ijij- So then ^"(7^, 5j) = L"{Y,a ^ial'a^ Y.b'^jbK) = 
Y.a^iaL"{la,Y.b-jbK) = Y^a^ia-ja = ^ij- The first cquallty holds since L"{x,y) = if 
y e ker(p^,) and x E G (see [HI §3.6.3]). 

In other words, we have simply proven the following lemma: 

Lemma 2.4. We can choose bases for E, G, E, and G so that those for E and E are dual 
under the intersection pairing S and those for E and G and those for E and G are dual 
under the linking pairings L" and L' . Furthermore, the basis for E is one with respect to 
which the map can be diagonalized by changing the basis of E. 

Now, as in [HI, we let and i_^ denote the maps on homology induced by pushing V off 
itself along the bicoUar in the respective negative and positive directions (note the reversed 
order; we follow the convention of [H]). With respect to the above bases, we can define 
matrices A, a, r, and by 

i+*{5j) = ^ KjPi 

i 
i 
i 

^-*("i) = ^njih 

i 

where all indices run from 1 to m. It is shown in jH] that the matrix L"{i_p^:{Si),Sj) = 
Yl^=i RkiTjk- This matrix corresponds to what is usually called the Seifert matrix for a 
sphere knot, so we define the Seifert matrix of a disk knot to be the integer matrix 9 = {tR)'. 
Similarly, the linking matrix corresponding to i+ is L"{i^p^{Sj), Si) = J2T=i RkjjJ'ik- Using the 
equality L"{i_p^{5i),5j) = (-l)"+^L"(z+p,(5j), 5^) of 0, we obtain that fiR = (-l)"+ii?V. 
It is shown in [HI that {—iy^^{R^^yTRt — r' is a presentation matrix for cok(if„(C'; Q) 
Hn{C,X;Q)) as module over F = A ®z Q = Q[Z], while the matrix (^j^-iy^^_^Zi-)q+ir'R-'^ 
represents the Blanchfield pairing of this module. Both of these matrices are with respect 
to the natural integral bases within the rational modules. 

Now, L"{z_p,{S,),S,) - L{z+pM),6,) = {tR)[^ - (/xi?)^ = (ri?)^ - ((-l)"+i(ri?)')^ = 
6 + (— 1)"6''. But with respect to dual bases, this is also the matrix of —R'. So we have 

e + {-iYe' = -T. 

Note that there is a correspondence between sphere knots and disk knots whose boundary 
knots are trivial: Given such a disk knot, we can cone the boundary to obtain a locally-flat 
sphere knot, and conversely, given a sphere knot, we can remove a ball neighborhood of 
any point on the knot to obtain a disk knot with trivial boundary. If we then consider a 
Seifert surface for such a disk knot whose boundary Seifert surface is the trivial disk Seifert 
surface for the boundary unknot, then the map will be an isomorphism (the identity with 
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a proper choice of bases) and the Seifert matrix 9 will be the same as the ordinary sphere 
knot Seifert matrix for the corresponding sphere knot. 

We close this introductory section by reminding the reader of some terminology. 

A sphere knot ^""^ ^ gn -g ^^^^^^ simple if 7ii{X) = 7ri{S^) for i < By [HI this 
is as connected as the complement of a knot can be without the knot being trivial. We 
similarly define a disk knot D""^ ^ to be simple if Hi^C) = 77^(5'^) for i < 

A pairing of modules {, ) : A ^ B C is called nondegenerate if (a, b) = for all 
h (z B implies a = and if (a, 6) = for all a G A implies 6 = 0. We call the pairing 
nonsingular if a ^ (a, ■) is an isomorphism A — > Hom(i?, C) and h (-, h) is an isomorphism 
B Hom(A,C). A rational matrix is nondegenerate and nonsingular if its determinant is 
not 0. An integer matrix is considered nondegenerate if its determinant is nonzero and 
nonsingular if its determinant is ±1. 

3 Disk knot cobordism 

Let L : D"^^ c -D" be a disk knot. We define two types of cobordism between disk knots: 

Definition 3.1. Two disk knots Lq, Li are cobordant if there exists a proper embedding 
F : X I ^ D"" X I such that FjD^^^ x i = x z for i = 0, 1 and F\dD'^-'^ x / is a 

cobordism of the boundary sphere knots Kq^ Ki. 

Definition 3.2. Two disk knots Lq, Li are cobordant rel boundary if the boundary knots 
of Lq and Li are ambient isotopic and there exists a cobordism from Lq to Li that restricts 
to this isotopy on dD"^'^ x L 

N.B. Due to the usual orientation switch of the total space from the bottom to the top 
of a cylinder, the embedding Li x 1 actually represents the knot — Li, the mirror image of 
Li. This will be the case, in particular, when we consider Li x 1 = —Li as a submanifold 
of 5*" = d{D^ X I). The orientation of the embedded knot is itself switched, of course, but 
this orientation usually plays no role in higher- dimensional knot theory so we omit further 
mention. 

Proposition 3.3. If n is even, then any disk two knots Lq,Li : D^~^ — > with isotopic 
boundary knots are cobordant rel boundary. 

Proof. Given two such knots Lq, Li, the maps Lq x i on -D„_2 x along with the isotopy 
H connecting their boundary knots determines a sphere knot S*"^^ — > S*" = d{D"' x I) 
by (Lo X 0) U if U (Li x 1) : 5"-^ = (L)"-^ x 0) U {S""-^) x I U (L>"-2 x 1) ^ 5" = 
X 0) U (S*""^) X JU (D" X 1). This is an even dimensional sphere knot and so it is 
nuU-bordant by Kervaire |8j. Any such null-cobordism provides the desired cobordism of the 
disk knots. 

□ 
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Proposition 3.4. If n is even, then two disk knots Lq,Li : ^ are cobordant if 

and only if their boundary knots are cobordant. 

Proof. The proof of the existence of a cobordism if the boundary knots are cobordant is 
the same as in the last proposition but connecting the boundary knots by their cobordism 



This leaves the cases for which n is odd. Note that in this case all boundary knots K are 
cobordant since they will all be even dimensional jH]. 

Proposition 3.5. If n is odd, then any disk two knots Lq,Li : D"^^ are cobordant. 

Proof. The boundary knots Kq, Ki of Lq, Li will be even dimensional. As noted, all even 
dimensional knots are nuUcobordant by Kervaire jS]. Let us construct the cobordism G of the 
boundary knots Kq and Ki as follows: Let x [0, 1/4] realize a null-cobordism of Kq. 

The union of Lq with this nuUcobordism givens a disk knot in {D^ x 0) U [dD"' x [0, 1/4]) with 
unknotted boundary knot. Let Jq denote the sphere knot obtained by filling in this unknotted 
boundary; we can think of obtaining Jq by taking the cone pair on the boundary of the disk 
knot (which will be a locally- fiat sphere knot since the boundary knot is trivial). Define — Ji 
similarly by adjoining a null-cobordism on x [3/4, 1] (recall that the embedding Li x 1 
represents the disk knot —Li, taking into account orientations on the cylinder as induced 
from the end). Now consider the knot — (Jo# ~ Ji) = {.~Jo)H^Jii where # represents knot 
sum. By removing neighborhoods of two points on the knot, we can think of this knot as 
a cobordism between two trivial knots 5*""^^ C 5""^^, and we can glue this cobordism into 
dD'^ X [1/4, 3/4], matching the ends since all unknots are ambient isotopic. So now we have 
constructed a cobordism from Kq to /^i, and the knotted sphere in the boundary of x / 
given by the union of Lq, Li x 1 = — Li, and the cobordism is Jo# ((— Lo)#Ji) #(— Ji) = 
(Jo#Ji)# — (Jo#Ji), which is null-cobordant. Again any null-cobordism now realizes the 
cobordism of disk knots. □ 

So we are now reduced to the much more difficult consideration of cobordism of odd 
dimensional disk knots rel boundary. As seen in the preceding propositions and described in 
more detail below, the problem reduces to finding a null-cobordism of sphere knots composed 
of the union of Lq and Li. By ^21 the cobordism class of a sphere knot 5*^""^ > S*^""*"^, 
n > 1, is determined by its Seifert matrix. So we are left with the problem of determining 
Seifert matrices for disk knots joined along their boundaries. Note that if n = 1, the disk knot 

^ has trivial boundary and so the problem of determining cobordisms rel boundary 
is in this case equivalent to the problem of classifying cobordisms of classical knots, which 
remains an unsolved problem. Hence we concentrate on the cases m > 1 in which the disk 
knot and sphere knot theories are truly different (though closely related). 

We begin with a variety of algebraic preliminaries which generalize those of Levine in 
|12j . Levine defines a 2r x 2r integer matrix to be null-cobordant if it is integrally congruent 



rational 2r x 2r matrix A rationally null-cobordant if it is rationally congruent to a matrix 



instead of the trace of an isotopy. The converse is immediate. 



□ 




A^i 
N2 N3 



) 



where each matrix A^j is r x r. Similarly, we will call a 
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of this form. This is equivalent to saying that A is null-cobordant as a pairing of rational 
vector spaces Q^*^ x Q"^"^ — >■ Q (x x y — > x'Ay), i.e. there exists an r- dimensional subspace of 
Q^^ on which the restriction of the pairing is 0. 

Lemma 3.6. Let A be a 2r x 2r integral matrix. Then A is null-cobordant if and only if it 
is rationally null-cobordant. 

Proof. If A is a 2r X 2r integral null-cobordant matrix, then there is a rank r direct summand 
F of 1?'^ on which A restricts to the bilinear form. Hence this matrix is also rationally 
null-cobordant, restricting to the form on F Cg) Q. 

Conversely, suppose that A is rationally null-cobordant so that there is an r-dimensional 
Q subspace V of Q^*" = T?"^ ® Q on which A restricts to the bilinear form. Let L be the 
lattice Z^*" fl V . This is a free abelian subgroup of Z^*", in fact a direct summand since any 
element of Z^*" that has a scalar multiple in L must also be in L. L must have rank at 
least r, since given r linear independent rational vectors in V ^ there are integral multiples 
of these vectors that lie in L (by clearing denominators of the coordinates), and these scalar 
multiples remain linearly independent over Q and hence over Z. So A is the form on a free 
abelian group of rank > r that is a direct summand of 1?"^ . □ 

Corollary 3.7. If A is a rationally null-cobordant matrix obtained from an integral Seifert 
matrix of a 2n + 1 sphere knot K, n > 1, by a rationally unimodular congruence, then the 
knot is null-cobordant. 

Proof. Clearly any matrix rationally unimodularly congruent to a rationally null-cobordant 
matrix is also rationally null-cobordant. So by the preceding lemma, the integral Seifert 
matrix of K is null-cobordant, and the result follows from the Main Theorem of ^21- CH 

Corollary 3.8. Let A be the matrix of the rational Seifert pairing of a 2n -\- 1 sphere knot, 
n > 1, with respect to some Seifert surface F and some rational basis of Hn{F] Q). Then A 
is rationally null-cobordant if and only if the knot is null-cobordant. 

Proof. There is a rationally unimodular change of basis that will take the rational basis for 
Hn{F] Q), with respect to which A is defined, to an integer basis of the group Hn{F; Z). In 
this basis, we obtain an integral Seifert matrix B for the knot. If the knot is null-cobordant, 
there will be a rank r summand of Hn{F; Z) on which the form determined by i? is 0. The 
tensor product of this summand with Q gives a self-annihilating r-dimensional Q vector 
subspace of if„(F;Q). Under any rationally unimodular change of basis, this subspace 
(or more precisely, it's image under the change of basis) will remain self-annihilating. In 
particular, A will be rationally null-cobordant. 

Conversely, if A is rationally null-cobordant, then the knot is null-cobordant by the 
previous corollary. □ 

Definition 3.9. Two square rational matrices A and B are rationally cobordant if AS—B is 
rationally null-cobordant, where ffl denotes the block sum of matrices AW—B = 
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Corollary 3.10. Two integral matrices are integrally cobordant if and only if they are ra- 
tionally cobordant. 



N.B. Even though we will be concerned with rational cobordism class, the term Seifert 
matrix will always refer to the integral Seifert matrix defined in Section |21 unless explicitly 
stated otherwise. 

Lemma 3.11. Suppose A and N are square matrices of rational numbers, that N and ASN 
are rationally null- cobordant, and that some rational linear combination XN + nN' has non- 
zero determinant. Then A is rationally null- cobordant. 

Proof. The proof is the same as that of Levine's for integral null- cobordism |12[ Lemma 1] 
replacing Z with Q in all steps. □ 

For Seifert matrices of sphere knots 5*^""^ C S*^"^^ or disk knots .D^n-i ^ £)2n+i^ these 
conditions will be satisfied with A = 1, /i = (—1)". For sphere knots, this is well-known (see 
[TT] or )• For disk knots, this can be concluded similarly from the fact that the Alexander 
polynomials of disk knots are non-zero when evaluated at 1 (see j7j or jB] for details). 

Corollary 3.12. For fixed rational A and fi, the set of rational cobordism classes of square 
rational matrices A satisfying det{XA + fiA') ^ is an abelian group under block sum, the 
inverse of the class represented by a matrix A being the class represented by —A. 

Proof. Again, this corollary follows from the lemma as in §3] by replacing integral 
statements with rational ones. □ 

Proposition 3.13. Let A, A be Seifert matrices for the disk knot L. Then A and A are 
integrally cobordant. 

Proof. Let V and V be Seifert surfaces with respect to which A and A are the integral Seifert 
matrices. Then it follows from the results of Section IHl below, that A and B are related by 
a sequence of rational congruences and enlargements or reductions of the form 



where M is a matrix, rj is a. column vector, ,^ is a row vector, x, x', and y are integers, and 
all "0"s represent the necessary entries to make this matrix square. Also, one of x,x' is 
while the other is non-zero. So it suffices to show that —MSM' is rationally nuUcobordant. 



Proof. This is an immediate consequence of Lemma 13.61 



□ 



M ^ M' 



M T]' 
X 

, ^ x' y, 



If M is a /c X /c matrix, let Ij be the j x j identity matrix, and let P 



Ik Ik 
Ik 

00/2 




Then P'{-MmM')P 



/-M -M 0\ 

-M Or] 



contains a/c + lx/c + l dimensional matrix 



X 
V i x' y) 
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block symmetric with respect to the diagonal, so it is rationally null-cobordant. The integral 
cobordism is then implied by Corollary I3.1(J1 □ 



Let Lq and Li be two 2n+l disk knots with the same boundary knot K. Then these knots 
will be cobordant rel boundary if and only if the knot ^= Lq Uk —Li is null-cobordant as a 
sphere knot. So we must examine its Seifert matrix. Let Vq and Vi be Seifert surfaces for Lq 
and Li with boundary Seifert surfaces Fq and Fi for K (see [6|). Then there is a cobordism 
T of Seifert surfaces from Fq to Fi with boundary the union of Fq, —Fi, and the trace of an 
isotopy of K jil^ §3]. Then we can form a Seifert surface for by = Vb U^o T U-^^ —Vi. 
Since the union of Lq with the trace of an isotopy of its boundary is isotopic to Lq, we will 
simplify notation by combining Vq and T to form a new Vq. So we can consider W to be 
composed of Seifert surface Vq and — Vi for Lq and —Li, joined along a single Seifert surface 
F for K. 

In what follows, we use the isomorphism of the groups if^,(Vi) = H^{—Vi) to simplify the 
notation. 

We consider the Mayer- Vietoris sequence 

> H^{F) HniVQ) (B H^iVi) Hn{W) H^-i{F) . 

We are first interested in computing ranks of free abelian subgroups, so we can consider 
homology groups with rational coefficients (though we omit them from the notation for 
clarity). Then there is a splitting Hn{W) = im{d) © cok(j). 

Now from the rational long exact sequences of the pairs {Vg, F), s = 0,1: 

> H4F) HniV) H4V,F) Hr,^,{F) , (1) 



Hn{Vs) = cok(zs) © im{is), and, furthermore, im(j) fl Hn{Vs) C im(is), so we can write 

Cok(j) = ^°kfa)®cok(^0®imfa)®im(n) ^ ^^^^^^^ ^ ^^^^^^^ ^ iM^o)^H^l) _ 

Now cok(is) is the group on which the Seifert matrix of Lg is defined. We need to study 
the other summands and im{d) of Hn{W). We claim that these two summands 

have the same dimension. 

Let IGI stand for the dimension of the vector space G. Suppose that |if„(F)| = m and 
Hn{Vs) = Mg. Then |im(is)| = |coim(zs)| = m — |ker(z<j)|, and |im(j)| = m — |ker(j)| = 
m — I ker(io) H ker(ii)|. So, 

im(io) © im(ii' 



im(j) 



m — I ker(zo)| + m — \ ker(ii)| — (m — | ker(zo) H ker(zi) 
m + I ker(io) H ker(zi)| — | ker(zo)| — | ker(zi)|. 



Now, since Fisa2n — 1, n > 1, manifold with sphere boundary, and since Vg is a 
2n-manifold whose boundary is the union of F with a disk, Poincare duality holds, and, 
in particular, \HniF)\ = |if„_i(F)| = m and |i/„(K)| = |i/„(K,F)| + M,. Let us fix 
a basis of Hn-i{F) and use the standard orthonormal inner product with respect to this 
basis to identify i^„-i(F) with Hom(i7„_i(F); Q) = if"-i(F;Q) = Hn{F;Q). Consider 
now ker(is). Under this identification, via Poincare duality, ker(zs) = (ker(i^ ))-*-. Indeed, if 
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X G keT{is) and y G keT{i'g) = im{ds) so y = dgZ, then on the intersection pairing, we have 
Sp{x,y) = Sv{is{x), z) = 0; so the identification takes ker(is) into (ker(i'^ ))-*-. But also we 
have I ker(is)| = m— \im{is) \ = m — \ keT{ps)\ = m — (M^ — |im(ps)|) = m — {Ms — \ ker(9s)|) = 
m — (Ms — {Ms — \im{ds)\)) = m — \ ker(ig)|, so ker(is) = (ker(i'<, ))-*-. Then we compute 



m + I ker(io) H ker(ii)| — | ker(2o)| — | ker(ii)| 

m + |(ker(^[,))^ n (ker(^;))^| - |(ker(.[,))^| - |(ker(.;))^| 
m- |(ker(g)^ + (ker«))^| 
I ker(iQ) fl ker(i']^)| 
I ker j'l 
|im(9)|. 

Here the fourth equahty uses that, in a vector space X with subspaces Y and Z, (Y-^ + 
Z^)^ = YnZ: iix eYnZ, then {x, a) = if a in Y^ or Z^, so this is if a G {Y^ + Z^), 
soYnZ G (J^ + Z^)^. Conversely, if x G (Y^ + Z^)^, then {x,a) = for any a in Y^ + Z^ 
and, in particular, any a in either Y-^ or Z-^. So a G Y-^-^ = Y and similarly a & Z. So 
(Y^ + Z^)^ CY nZ. Hence, ((ker(i[)))-L + (keT{i[))-^)-^ = ker(i[)) n ker(i'i), so these spaces 
have complementary dimensions in iJ„_i(F). 

So once again, with rational coefficients, we can write Hn(W) = cok(2o) © cok(?i) © 
""^^im^j™''^^^ ® im(9), where the last two summands have the same dimension. Let us denote 

jj _ im(io)eim(n) 
im(j) 

We next observe that the Seifert form is when restricted to U x (cok(zo) © cok(zi)) or 
(cok(io) © cok(zi)) X U. This is true because any element of cok(is) can represented by a 
cycle lying entirely in the interior of Vg and hence of Z^^n+i x s in the cobordism, and the 
same is true for any translate along a normal vector to the Seifert surface. Also, we can then 
find a chain in x s whose boundary is the push in the bicollar of our cycle. Meanwhile, 

any element of U can be represented by a cycle that lies in dD^^~^^ x /, and the same for its 
translates along the bicollar, and a choice of chain it bounds in dD^"'~^^ x /. So then clearly 
the linking numbers of any such cycles must be 0. 

At last we can prove the following proposition. 

Theorem 3.14. Let Aq and A\ he Seifert matrices for 2n + 1 disk knots Lq and Li, n > 1, 
with the same boundary knot. Then the Seifert matrix of the sphere knot Lq Uq —Li is 
integrally cobordant to Aq ffl —Ai. 

Proof. Let Vq, Vi, F, and W be as above. Let Bq and Bi be the Seifert matrices of Lq and Li 
corresponding to these Seifert surfaces. Then by Proposition 13.131 Bq and Bi are rationally 
cobordant to Aq and Ai, respectively. 

Now we consider the Seifert matrix M determined by W and show that is is rationally 
cobordant to Aq ffl —Ai, which will suffice to prove the theorem. 

We know that Hn{W; Q) ^ cok(io)©cok(ii)© "^^'^g].^^^^^ ©im(g), and the Seifert pairings 
on cok(io) and cok(ii) must restrict to Bq and —Bi by definition (the negative is due to the 



im(io) © im(io) 
im(j) 
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reverse of orientation by considering Li in D 



2n+l 



1 C X J). Furthermore, these 



subspaces are orthogonal under the Seifert pairing since elements of cok(io) are represented 
by chains in Vq C 1)2"+^ x C x /), while elements of cok(ii) are represented by 

chains in Vi C D^^+i x 1 c d{D'^^~^^ x /), so these chains cannot link in d{D'^^~^^ x /) = 5"^"+^. 
Similarly, elements in '"'('"g;^^^") can be represented by chains in F that can be pushed into 
either Vq or Vi and so these do not link with each other or elements of cok(io) and cok(ii). 
Thus M must have the form (up to rational change of basis and hence rational cobordism) 

/Bo 
-Bi 


for some matrices Xj. Note that the diagonal blocks are all square and that the last two 
diagonal blocks have the same size by the above dimension calculations. This is a general- 
ization of the kind of elementary enlargement that we considered in Proposition 13.131 Set 
L L ^ 

cok(ii)| and s 



M 









XrJ 








where r = |cok(io) 







I im(^o)®im(^o) 
I im{i) 



|im(c})|. Then 



/- 


-Bo 





-Bo 















Bi 





Bi 










-Bo 














Xi 







Bi 











X2 



















X3 


V 








X4 


X5 


X, 


xj 



<P'(-5o ffl Bi ffl M)<p 



contains an r + sxr + s trivial submatrix symmetric about the diagonal. Hence it is 
rationally null-cobordant and M is rationally cobordant to Bo ffl — -Bi, which in turn is 
rationally cobordant to Ao ffl —Ai using Proposition 13.131 The rational cobordisms become 
integral cobordisms by Corollarv 13.101 □ 



The following theorem now follows immediately. 

Theorem 3.15. Let Aq and Ai be Seifert matrices for disk knots Lq, Li : _D2n-i ^ £)2n+i 
with the same boundary knot. Lo and Li are cobordant rel boundary if and only if Aq and 
Ai are cobordant. 

Proof. If the matrices are cobordant, then the integral Seifert matrix for Lq Ug —Li, which 
is rationally cobordant to Ao ffl —Ai, is rationally nuUcobordant, hence integrally null- 
cobordant. Thus Lo Uq —Li is slice and the slicing disk provides the desired cobordism. 
Conversely, if Ao and Ai are not cobordant, then Ao ffl —Ai is not integrally nuUcobordant, 
so there can be no such slicing disk to provide the cobordism. □ 

Corollary 3.16. Suppose that Lo and Li are disk knots /^^n-i ^ jj2n+i ^ n > 1, such that 
dLo = dLi = K . Then a necessary condition for Lq and Li to be cobordant rel boundary is 
that the product of the middle- dimensional Alexander polynomials c^°{t)c^^{t) be similar in 
:~^] to a polynomial of the form p{t)p{t~^). 
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Proof. By §3.6] or |7J §3.6] and the calculations in Section |21 above, c^'(t) is in the 
similarity class in Q[t,t~^] of the determinant of (Ai + (—1)^ A[)~^ {Ait + (— 1)"^^, where 
Ai is the Seifert matrix of Lj, i = 0, 1. We know that if Lq and Li are cobordant rel 
boundary, then B = AqS —Ai is rationally nullcobordant. It follows then as in §15] 
that the determinant of Bt + (— l)"i?' is similar to p{t)p{t~^) for some polynomial p. But 
clearly the determinant of Bt + (— l)"i?' is equal to ± the product of the determinants of 
{A,t + (-I)M:), ^ = 0,l. So c^(t)c^Ht) ~ The claim now 

follows since dct(Ao+(-i)"A(,)det(Ai+(-i)"A;) is a unit in Q[t, t'^]. □ 

Since Lq Uk —Li is a sphere knot S^"'~^ C 5*^"^^, there is a basis for which its integral 
Seifert matrix A is a matrix of integers such that A+ {—1)^A' is integrally unimodular. Thus 
each possible obstruction matrix Aq ffl —Ai must be rationally cobordant to such a matrix. 
We can also state the following converse: 

Theorem 3.17. Let A be a matrix of integers such that A+{—l)"'A' is integrally unimodular, 
and let Lq be a disk knot /^^n-i £,2n+i yjj^if^ Seifert matrix Aq. Then there is a disk knot 
Li with the same boundary knot as Lq and such that the obstruction Seifert matrix Aq ffl —Ai 
to Lq and Li being cobordant rel boundary is cobordant to A. 

Proof. By ^21, there is a sphere knot /C : 5^"^^ C S*^"^^ with Seifert matrix —A. Let Li be 
the knot Lq^JC, the knot sum taken away from the boundary. Then Li has Seifert matrix 
Aq ffl —A, and Lq Uk —Li has Seifert matrix rationally cobordant to Aq ffl —Aq ffl A, which 
is rationally cobordant to A, hence integrally cobordant to A by Corollarv I3.1U1 □ 

Similarly, we can show the following: 

Theorem 3.18. Let Lq and Li be two disk knots .D^n-i ^ jj2n+i ^ n > 1, with common 
boundary K . Then there exists a sphere knot K, : 5"^"'^ C 5'^"'"'"^ such that Lq is cobordant 
to the knot sum (away from the boundary) Li^JC. 

Proof. Let Aq and Ai be the Seifert matrices for Lq and Li. Then as above Aq ffl —Ai is 
rationally cobordant to an integral matrix B such that B + {—l)"'B' is integrally unimodular. 
Let /C be a sphere knot with Seifert matrix B, which exists by ^]. Then Li^/C has Seifert 
matrix Ai ffl B, and Lq Uk —{Li^JC) has Seifert matrix Aq ffl —Ai ffl —B, which is rationally 
nuU-cobordant. So Aq is rationally cobordant to Ai ffl B, and the theorem now follows from 
Theorem 13 . 1 51 and Corollarv 13.101 □ 

Theorem 3.19. Let K : S*^""^ ^ S"^", n > 1 be a sphere knot. Then there is a disk knot 
L : D^n-i ^ L)2ni g^^^ ^/^^^ dL = K and 7ri(L)2n+i _ /}2n-i) ^ ^.^^i) ■ ^ 

Proof. By Kervaire jHl Thm. III.6], there exists some disk knot whose boundary is K (all 
even dimensional knots are null-cobordant). We show that in fact Kervaire's construction 
gives us a knot of the desired type. The argument in Kervaire's theorem proceeds as follows 
(modifying the notation slightly to coincide with our own): Let F be a Seifert surface for 
K. Then it is possible to construct a manifold V^^" and to embed it into such that 

V n = F anddV = FU D^^+i. This manifold V will be a Seifert surface for L, and it 
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is obtained from F by adding handles of core dimension < n to F x I, in order of increasing 
dimension, to successively kill the homotopy groups of F by surgery. In particular then, after 
the addition of the 2-handles to F x I, we obtain a simple connected manifold as the trace of 
the surgery, and ultimately H2n-i(y,F) = for i < n because there are no handles of core 
dimension > n added. Then H2n-i{V,F) ^ W{V) for i > 1, so H'{V) = for 1 < i < n, 
which implies that Hi{V) = for for 1 < i < n. 

It now follows that _d2"+^ — V is simply-connected by the van Kampen theorem: by 
pushing along the bicollar of V, we can thicken to a homotopy equivalent 2n + 1 manifold 
whose common boundary with the closure of its complement in is the union of two 

copies of V glued along L (see |10j). It then follows from the van Kampen theorem that 
£,2n+i _Y j-Q^gt Iqq simply-connected, and from Alexander duality for a ball that Hi{D'^^^^ — 

= for < i < n (see jUl Prop. 3.3] and note that these arguments extend to integer 
coefficients) . 

Now, using the usual cut-and-past construction of the infinite cyclic cover of _ L 

(see |11J), another inductive application of the van Kampen theorem shows now that the 
infinite cyclic cover of Z^^n+i _ is simply connected, and the Mayer- Vietoris theorem 
shows that its homology is trivial in dimensions < n. So this cover is n — 1-connected, 
and it follows that the homotopy groups 7rj(D^"+^ — L) vanish for 1 < i < n and that 
7ri(D2"+i -L)) = Z. □ 

Theorem 3.20. Given any disk knot L : _D2n-i jj2n+i ^ n > 1, L is cobordant rel boundary 
to a disk knot Li such that Tii{D'^^^^ — Li) = TTi{S^) for i < n. 

Proof. First assume n > 2. By the preceding theorem, there exists a disk knot Lq whose 
boundary agrees with that of L and which satisfies the require homotopy conditions. Let 
A and Aq be the respective Seifert matrices of L and Lq. Then we know that the matrix 
A ffl — ^0 is rationally cobordant to an integral matrix B such that the determinant of 
B + {—1)"'B' is integrally unimodular since this is true for the integral Seifert matrix of the 
sphere knot L U —Lq. By Levine jT2|, there exists a sphere knot K. : S*^""^ C S*^""*"^ whose 
Seifert matrix is B and such that '7rj(S'^"^^ — /C) = TTi{S^) for i < n. Let Li be the knot 
sum Lq^K, along the interior. Then Li satisfies the desired homotopy properties and has 
Seifert matrix ffl -B, which we know is cobordant to A since A ffl —Aq ffl —B is rationally 
cobordant to i? ffl — i?, which is nuU-cobordant. By Theorem 13. 151 L and Li are cobordant 
rel boundary. 

If n = 2, then 12j provides a /C only ii B + B' has signature a multiple of 16. But 
since L U —Lq is a knot S"^ C 5*^, its Seifert matrices will all satisfy this property (again see 
|12j). hence so will A ffl —Aq since signature is a matrix cobordism invariant (integrally and 
rationally). Thus the argument of the preceding paragraph applies again. □ 

4 Realization of cobordism classes 

Up to this point we have shown that two odd- dimensional disk knots are cobordant rel 
boundary if and only if their Seifert matrices are cobordant. This leads to the natural 
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question: what cobordism classes of matrices can be realized as the Seifert matrices of disk 
knots? We first demonstrate that we are truly dealing with a wider variety of objects than 
just Seifert matrices of sphere knots: 

Proposition 4.1. There exist Seifert matrices for disk knots that are not cobordant to Seifert 
matrices of sphere knots. In particular this implies that there are Seifert matrices for disk 
knots that are not cobordant to any integer matrix A such that A + (— is integrally 
unimodular. 

Proof. Suppose, to the contrary, that every disk knot Seifert matrix is cobordant to some 
sphere knot Seifert matrix. Let us then fix a disk knot L : /)2n-i ^ jj2n+i^ ^ even, n > 2, 
with some Seifert surface and with Seifert matrix B. By assumption, B is cobordant to a 
Seifert matrix C of some sphere knot; this implies that B must have an even number of rows 
and columns, since this must be true of C (see, e.g., [T2J p. 178]). By [12], there exists a 
sphere knot K with a Seifert surface that realizes the Seifert matrix —C. Therefore, the knot 
sum K^L with Seifert surface given as the boundary connected sum of the Seifert surfaces 
of K and L will yield the null-cobordant Seifert matrix A = B S —C. It then follows as in 
[T^ §15] that the determinant of tA + A' is the product of ± a power of t with a Laurent 
polynomial of the form p{t)p{t~^). In particular, | — A + A'l is ± a square. 

Now, by jni §3] and the calculations of SectionlHl below, the middle dimensional Alexander 
polynomial Cn{t) of a disk knot, n even, is given, up to similarity, by the determinant of 
{A + A')'^{At + A'), which, with our current assumptions, must thus be of the form r (}^•^2 
(up to similarity). In particular, we see that the value c„(— 1) associated to Kjj^L must be a 
square. But we also know that the Alexander polynomial of a direct sum is the product of 
the polynomials so that c^*'^ ~ c^c^, where ~ denotes similarity and we have labeled the 
polynomials with their knots in the obvious way. But c^(— 1) must be ± a square since K is 
a sphere knot [TT]. So it would follow that c^(— 1) must also always be a square. However, 
this contradicts the calculations in jni §3.64] which demonstrate that any odd number can 
be realized as c^(— 1) for some L of our fixed dimension. 

Hence we have demonstrated, at least for n even, that there must exist disk knot Seifert 
matrices that are not cobordant to sphere knot Seifert matrices. □ 

However, we do have the following proposition: 

Proposition 4.2. Suppose that A is the Seifert matrix of a disk knot L : D^n-i <^ jj2n+i 
with boundary knot K . Then B is in the cobordism class of a Seifert matrix of a disk knot 
L' with the same boundary K if and only if A 'Si —B is cobordant to the Seifert matrix of a 
sphere knot ^ : S^""-^ ^ S^''+\ 

Proof. If L and L' are disk knots with the same boundary sphere knot K and respective 
Seifert matrices in the cobordism classes of A and B, then we can form the knot ^ = LUk—L' 
by gluing L and —L together, identifying the boundaries K and —K. By Theorem 13.141 
AS —B is cobordant to the Seifert matrix of the sphere knot ^. 

Conversely, suppose that A ffl —B is cobordant to the Seifert matrix of some sphere knot 
^. Then —A ffl B will be the Seifert matrix of —K. Form L' = — the internal knot 
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sum. The Seifert matrix of this L' will be the sum of A with the Seifert matrix of and 
hence will be cobordant to A ffl —A ffl 5, which is cobordant to B. □ 



This proposition tells us how to recognize rational cobordism classes of Seifert matrices 
for disk knots with a given sphere knot provided that we already have a cobordism class of 
Seifert matrices with which to compare. This is a nice start, but we would like to find a way 
to determine which cobordism classes are realizable starting only with information about the 
boundary knot. It will turn out that the crucial datum is supplied by the isometry class of 
the Farber-Levine torsion pairing on T„_i(X), the Z-torsion subgroup of if„_i(X), so long 
as this group has no 2-torsion. 

Let us begin by examining further the necessary conditions for a matrix 6' to be a Seifert 
matrix for a disk knot. We know from Section |21 that if we choose dual bases of Hn{V) 
and Hn{V,dV), then the matrix of the map p^ : E E will also represent the transpose 
of the self intersection pairing on Hn{V). By the computations in that section, we have 
R = —9' + {—1)^^^6. To emphasize this dependence, we will sometimes write R = Rg. Note 
also that since, with these bases, 6 = {tR)' and R is invertible, r is also determined by 9 
as T0 = 0' Rq^ = 9'{—9' + (—1)"+^^)^^ (unfortunately, we can't simplify this further since in 
general 9 won't be invertible). 

Another necessary conditions is that Tg = 9'Rg^ = 9'{—9' + (— l)""*"^^)"^ must be in- 
tegral since r' is the matrix of L"(z_*(aj), Also, we must have {Rg^YrgRg = {—9 + 
(_l)n+i5)')-i5)' integral, since this is, up to sign, the matrix fig, where /i is the matrix of 
L"{i+^{aj),5n). 

We note one implication of these requirements: 

Proposition 4.3. Let 9 be the Seifert matrix of a disk knot /^^n-i /)2n+i^ jj ^ ^^^^ 
if n is even and det(i?e) 7^ mod 2, then 9 must be even dimensional (have an even number 
of rows and columns). 

Proof. If n is odd, then Rg = ~9' + (— 1)"+^^ is skew- symmetric. But Rg is nondegenerate, 
so it must have even dimension. 

Next, suppose that n is even. By jHl §3.6], the integral Alexander polynomial c„(t) of L 
is the determinant of {R'^YrRt + r' up to similarity in A. This equals 5^^;^ det{TRt + R't'). 
Now, again by §3.6], c„(t) ~ c„(t~^), but this really follows just from the symmetry of 
the presentation and so holds for the determinant of any matrix of the form {R~^)'TRt + r'. 
The same is also true of det(r_Rt + R'r'), which we will call dn(t) (so Cn(t) ~ dnit)/ det(i?)). 
By multiplying by a power of t, we can assume that dnif) = J^^o^i^^ where a, = a^-i 

and flo 7^ 0. Now, if m is odd, dn{l) = J27Lo(^i = J2iJo = mod 2. But writing out 
det{R) det(r-Rt + R't'), c„(t) = ±^^^^^, so c„(l) = ±1, but by our assumption, det(i?) = 1 

mod 2. This yields a contradiction. So m must be even. In this case p(l) = am/2 + X]i=o ^Oi, 
and again because Cn(l) = ±1 and det(-R) = 1 mod 2, am/2 must be odd. Consequently, 

— — 1 Hi — l ^ ( — 1) 

dn{-l) = am/2 + Yl ^=0 - Lo must also be odd. So, c„(-l) = -^^j^ must be odd. 

i even i odd 

But c„(— 1) = det^(j:;) det(— T-R + r't'). The last determinant is that of a skew symmetric 
matrix and so must be of even dimension to be non-zero. This completes the argument. □ 
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We next examine the relationship between 6 and the Blanchfield pairing on the cokernel 
of Hn{X) Hn{C) mod Z-torsion. Let us call this module H and recall some facts from 
fU", §3.6] (N.B. we have altered the notation from jB] in the hopes of introducing simpler 
and more consistent notation). It is shown there that for a disk knot L : _D^"~^ D^"'"'"^, 
H Hn{C] Q)/(kerp : Hn{C] Q) ^ Hn{C,X] Q)) is presented as a T = Q[Z]-module 

by the matrix (— l)"+^(i?^^)'ri?i(: — r' representing a map from £' ® T — * G ® F. The only 
requirements assumed on the integral bases of E, E, G, and G are that those of E and G 
are dual under the linking pairing L' and similarly for E and G with L'. In this case, R is 
simply the matrix of : E ^ E. Also with respect to these integral bases (which induce 
an integral basis for H ^ Q), the matrix of the self-Blanchfield pairing on H is given by 



t-i 



(fl-i)'r-(-l)"+iiT'_R-i • 

Let us demonstrate that the same matrix M 
H as a A-module. 



{-ly+^R-^yrRt - t' in fact presents 



Proposition 4.4. The matrix M = (— ^YrRt — t' presents the A-module H , which 
is the cokernel of Hn{X) Hn{C) modulo its Z-torsion. 

Proof. Let us denote S = cok(/7„(F) ^ Hn{V)), G = cok(i7„(^2n _ p-^ ^ //^(D^n+i _ y^^ 
and 7i = cok(i7„(X) Hn{C)) and consider the following commutative diagram: 




The top row comes from the usual Mayer- Vietoris sequence for constructing an infinite 
cyclic cover of a knot by cutting and pasting along the Seifert surface. This sequence splits 
into short exact sequences using the fact that Hn{X) is of type K; see |T2 p. 43]. The second 
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row is also exact and arises from the same considerations applied to the disk knot. The third 
row is from the serpent lemma as this row consists of cokernels, and it is also exact; note 
that since A is a free abelian group, tensoring by (8)z^ preserves exactness. The next row 
comes from killing all Z-torsion, and the last row comes by taking the tensor product ®zQ- 
Note that F = A ®i Q. The bottom row is exact since it is the tensor product of the exact 
third row with Q. The maps to the bottom row are injective since there is no Z-torsion in 
the fourth row. Also the maps from the second row to the third and from the third to the 
fourth are clearly onto. Our goal is to show that the fourth row is short exact and presents 
H by the matrix M. 

First, we verify that the map f : E ® ^ G ® K is really our matrix M. To see this, we 
observe that the maps d : Hn{F)®K Hn{S'^''-F) and d' : HniV)®!^ Hn{D^''+^-V)®A 
come from the Mayer- Vietoris sequences and so both have the form Cg) t — (S> 1; see 
[TT] and in]. By commutativity, this is then the form of the map E ® A ^ G ^ A under the 
quotients to the cokernels and mod torsion. But now {6j (S> ^}iLi is a A-module basis for 
E ® A, and we know by the definitions in Section |21 that 



So we see that / is represented by the matrix o" ® t — A ® 1. But notice that we can now 
use the dualities discussed in Section |21 to see that, e.g. cr^j = L'{ak,i-<tSj). So we can 
now apply the various properties of linking pairings as discussed in jH]. These properties 
hold integrally as well as rationally, and we can duplicate the arguments of [0] to see that 
cr = /i' and T = A'. Also as in 0, /i-R = (— 1)""'"^-R'r'. So we see that / is indeed represented 
by (-l)"+^(i?~^)'ri? O t - r', which we abbreviate as M = (-l)''+i(i?-i)Vi?t - r'. This 
argument simply demonstrates that the rational presentation matrices obtained in jUj are 
really just this integral matrix tensored with 1 G Q. 

So now let us see that the fourth row of the diagram is exact: The map / is injective 
because det(M(l)) = ±1, so / is an injective A-module morphism. The map g is onto by 
some easy diagram chasing. The composite fg = since the fourth row injects into the 
exact row below it. Finally, to see that ker^f C im/, suppose that 7^ x G kerg. By the 
surjectivity of ^, we know that x = ^{z) for some z E Q ® A. By commutativity, (vi^) = 0- 
This implies that rj{z) e TiTi), the Z-torsion subgroup of Ti. So there is an m G Z, m 7^ 
such that mri{z) = rj^mz) = 0, which implies that mz G im(0), say mz = (j){y). So then 
fip{y) = ^<f){y) = mx 7^ because G^A has no Z-torsion. So mx G im(/). But now consider 
the quotient A-module A = {G (g) A)/im(/) = {G ® A)/M. By the proof of |I7l Lemma 2.1], 
A is Z-torsion free. So if mx G im(/), we must also have x G im(/). This completes the 
proof. □ 

In particular, this proposition implies that the basis ® 1 G G ® A spans H. So the 
matrix ^j^_-^y^_^~^„+i^^, also represents the integral pairing H x H Q{A)/A; see 
§3.6.3] for the geometry that gives this formula, and observe that the calculation there is 
also made with respect to integral bases. Of course this matrix also represents the rational 



(g) t - l){6j ® 1) = (g) t - i+*{Sj) ® 1 




21 



pairing H^QxH^Q^ Q(r)/r that we obtain by tensoring everything with Q. Note, 
by the way, that Q{A) = Q{T), both being the field of rational functions. 
Our goal now is to prove the following theorem: 

Theorem 4.5. Let 9i and 62 be Seifert matrices for disk knots Li,L2 : D'^^~^ ^ 
Suppose that Li and L2 have isometric Blanchfield-self pairings on Hi = H2- Then 61 and 
62 are integrally cobordant, in fact rationally S- equivalent. 

Since Corollary 13.101 tells us that it is enough to study Seifert matrices up to rational 
cobordism, we can perform rational changes of basis, maintaining the dualities with respect to 
the rational pairings L' and L", such that R becomes the identity matrix. Then, rewriting 
the above matrices using 6 = R't', we obtain the presentation matrix {—l)"''^^6't — 9 for 
H^Q and rational Blanchfield pairing matrix These represent the same rational 

module and pairing we started with up to isometry since we have only performed rational 
changes of basis on E ^ Q and G ® Q and hence to ® Q. This nice new form puts us in 
position to use some slightly modified machinery of Trotter ^7j, though the transition from 
integral to rational will simplify things considerably. Note that for the duration of the proof 
of the theorem, we suspend our standard rule and allow the term Seifert matrix to refer also 
to this new rational 6 obtained from the integral one by a rational change of bases. 

We will need the notion of rational S-equivalence. For two square rational matrices A 
and B, we say that A is a rational row enlargement of B and i? is a rational row reduction 
of A if 

/O 0\ 
A = 1 X u \ , 
\0 V bJ 

where x and 1 are rational numbers, w is a column vector, and everything else is made to 
make the matrix square. Rational column enlargements and reductions are defined similarly 
with the transposed form. Rational S-equivalence is then the equivalence relation generated 
by rational row and column enlargements and reductions and by rational congruence. 

Lemma 4.6. For any disk knot Seifert matrix 9, either 9 is rationally S-equivalent to a 
rationally nonsingular matrix or {—l)"'^^9't — 9 presents the T-module. 

Proof. It is shown on pages 484-485 of [16j that given an integral matrix V with zero deter- 
minant and such that det(V — V) 7^ 0, then V is integrally congruent to a matrix of the 
form 

/ \ 

-10 , 
\ q W) 

where W has dimensions 2 less than those of V and all other non-zero entries are integers. 
The same argument given there works, however, with det(V^ + V) 7^ (the skew symmetry 
oi V — V' is mentioned but never used) and with "integral" replaced by "rational" at all 
steps. Note that, as usual, a rational matrix is considered rationally unimodular as long as 
its determinant is non-zero. This matrix demonstrates an S-equivalence between V and W 
(the —1 can be changed to a 1 by a rational congruence). 
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So now, as in jTTl Lemma 1.4], we can apply this process to inductively to reduce 6 in 
dimension. Eventually we will obtain either a nonsingular matrix or a matrix of the form 

(0) or . The first form is impossible since it follows from an elementary computation 

that if \^±y is nonsingular then so is W±W', and the second form presents the F-module 
when plugged into the formula. □ 

Remark 4.7. We observe that if V is nonsingular, then A = det(tV^ ± V) is a polynomial 
of degree equal to the dimension of V and with non-zero constant term. The latter claim is 
clear by plugging in t = 0. For the former, the nonsingularity implies that det{tV ± V) = 
det(V^) det(t/ ± V'^^V), which clearly has a term of the required degree. 

We will see in the next lemma that two rationally S-equivalent matrices present the same 
F-module. 

Lemma 4.8. // 9i and 62 are rationally S-equivalent, then they determine isometric F- 
modules with self-Blanchfield pairings. 

Proof. The proofs of Lemmas 1.4 and 1.2 of |17j apply rationally. It should be noted that 
our presentation matrix and pairing matrix defer slightly from those in j^. One reason 
is that we employ a different convention for turning a matrix into a pairing matrix (we 
use ai X 02 — > a[Md2, while Trotter uses ai x 02 ^ d'2Mai. The other difference is the 
appearance of ^ in Trotter's presentation matrices, but, as noted on [17, p. 179], these 
make no difference as multiplication by t — 1 is an automorphism of knot modules. So the 
translation to Trotter's algebraic language from the topological language can be made via 
some isomorphisms and convention switches, and so his results apply to our case. (One 
should also note carefully that what he calls A is our Z[t, t~^, (1 — 1)~^], while our A is there 
denoted Aq.) □ 

We will next need to consider Trotter's trace function J7j: Since the rational functions, 
i.e. elements of (5(A), can be written in terms of partial fractions, Q{A) splits over Q into 
the direct sum of F[(l — t)^^] and the subspace P consisting of and proper fractions with 
denominators prime to t and 1 — t. The trace x is then defined as the Q-linear map to Q 
determined by xif) = /'(I) if / ^ -P ^"^^ if / G F[(l — 1)~^]. The ' here denotes derivative 
with respect to t. This then induces a map (5(F)/F = Q{A)/r — > Q. In particular, by 
composing x with the Blanchfield pairing, one obtains a rational scalar form H^QxH^Q — > 
Q. 

It is clear that two Seifert matrices that induce isometric Blanchfield forms induce iso- 
metric rational scalar forms. 

Now by [13 Lemma 2.7b], for / G P, ^ 1)/) = /(!)• And also, as in jTTl Lemma 
2.10] and our Remark 14.71 A has degree equal to the dimension of 6 and non-zero constant 
term, plus we know it is prime to (t — 1), so by Cramer's rule, each term in {6' — {—l)"'^^t6)~^ 
lies in P. Thus x applied to is give by evaluation of g,_(^_lyi+i^g at 1, so we just 

g6t g,_(-_^-)n+ig as the matrix of the rational scalar pairing. 
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It now follows as in the proof of TT, 2.11], using |17t 2.5 and 2.10], which also hold 
rationally, that a choice of basis in an isometry class of a finitely generated A[{t — 1)^^]- 
module Hq with a rational scalar form determines a "Seifert matrix" 6q and that our given 
H with rational scalar form is isometric to Hq if and only there is a basis for H with 
respect to which its Seifert matrix 6 is equal to 6o: The existence of an isometry implies that 
there are bases with respect to which both scalar forms have the same matrix S of jTTj, and, 
with respect to these bases, (1 — t)^^ acts by the same matrix 7, but then the equations in 
PT] determine both 6q and 6 by 76*"^. Finally, by f7| Prop. 2.12], this implies that two 
rationally nonsingular Seifert matrices determine isometric rational scalar forms if and only 
if they are rationally congruent. 

We can now complete the proof of Theorem 14.51 By hypothesis 61 and 62 determine 
isometric Blanchfield forms, hence they induce isometric scalar forms. Furthermore, by 
Lemma [4. 61 61 and 62 are rationally S-equivalent to Seifert forms, say 61 and 62, respectively, 
that are rationally nonsingular and which, by Lemma 14. 8t still determine isometric scalar 
forms. By the immediately preceding discussion, 61 and 62 are rationally congruent. It 
follows that 61 and 62 are rationally S-equivalent and hence, in particular, cobordant as seen 
in the proof of Proposition 13.131 

This completes the proof of Theorem 14.51 □ 

The relationships we have just established between Seifert matrices and Blanchfield pair- 
ings turn out to be just what we need to realize rational cobordism classes of Seifert matrices. 

Theorem 4.9. Let 9 he any square matrix satisfying the necessary conditions to he the 
integral Seifert matrix of a disk knot _D2n~i ^ jj2n+i ^ ^ such that 

1. Rq = —9' + (— 1)"+^^^ is nondegenerate, and 

2. Te = 9'{-9' + (-1)"+^^)-^ and j^e = {-9 + {-l)''+^9')-^9' are integral matrices. 

Then for any n > 2, there is a disk knot _D2n-i ^ jj2n+i ^f^gg^ Seifert matrix is cohordant 
to 9. 

Proof. Given such a 9, it determines a A-module H with a (— l)"+^-IIermitian pairing to 
Q{A)/ A by the matrices {R^^YrRt — r' and (j:j,-iy^„(i^|n+i^^/fl-i as in the discussion 

earlier in this section (see also [HI §3.6.3]). Note that H is Z-torsion free by the same 
arguments as in ^3 Lemma 2.1]. By 6, Proposition 3.21], there exists a simple disk knot 
L realizing this module and pairing with H = Hn{C) and also with simple boundary knot 
such that Hn-i{X) is Z-torsion. By Theorem 14. 5^ any Seifert matrix for L is cobordant to 
our given 9; in fact it is rationally S-equivalent to it. □ 

So, at this point we have demonstrated that, for n > 2, every cobordism class can be 
realized by 1) showing that a potential Seifert matrix determines a Blanchfield pairing, 2) 
constructing every possible Blanchfield pairing, and 3) showing that a Blanchfield pairings 
determine its Seifert matrices up to rational S-equivalence. So by constructing every possible 
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pairing, we construct every possible cobordism class. However, we have not said anything 
yet about what boundary knots we get. The constructions of Theorem 14.91 give only simple 
disk knots whose boundaries are simple sphere knots and such that Hn-i{X) is Z-torsion 
(this follows from the construction in [HI Prop. 3.21] and the construction in ^1 §12] that 
it is modeled after). Such sphere knots are called finite simple. In this special case, we can 
say a lot immediately. We will show in Section El below that in this situation the Blanchfield 
pairing on Hn{C) completely determines the Farber-Levine torsion pairing on Hn-i{X). In 
fact, we will prove the following theorem: 

Theorem 4.10 (Corollary 15. 3p . For a simple disk knot L : _D2n-i ^ /)2n+i^ A-module 
T„_i(X) and its Farber-Levine Z-torsion pairing are determined up to isometry by any Seifert 
matrix for L . 

In this situation, we will say that the Seifert matrix induces the Farber-Levine pairing. 
We can now apply the following theorem of Kojima jU] (which we have translated into 
our language): 

Theorem 4.11 (Kojima). Suppose that Kq and Ki are two finite simple sphere knots 
g2n-2 _^ g2n^ u > 5, //„_i(Xo) = Hn-i{Xi) contains no 2-torsion, and the Farber-Levine 
pairings on /J,„_i(Xo) and if„_i(Xi) are isometric, then Kq and Ki are isotopic knots. 

Putting this theorem together with the results of Sectional quoted above, we see that, for 
n > 5, the following statement holds: if a Blanchfield pairing on Hn{C) induces a T„_i(X) 
with no 2-torsion, then this Blanchfield pairing determines a unique finite simple sphere 
knot S*^"^^ "-^ S*^" which must be the boundary knot of any simple disk knot possessing 
this Blanchfield pairing and having a finite simple boundary knot. In particular then, since 
Seifert matrices determine Blanchfield pairings, the Seifert matrix of a simple disk knot with 
finite simple boundary knot determines the boundary knot uniquely, so long as Hn-i{X) = 
Tn-i{X) has no 2-torsion. 

We can now immediately generalize this to prove the following theorem about realizability 
of cobordism classes of Seifert matrices for more arbitrary boundary knots: 

Theorem 4.12. Let K : S*^""^ S*^", n > 5, be a sphere knot with complement X such 
that T„_i(X) contains no 2-torsion. Then there exists a disk knot L : _D^"~^ ^ jj^n+i ^j^ff^ 
boundary knot K and with Seifert matrix in a given cobordism class [9] if and only if there 
is an integral matrix 9 in the class such that 

1. Re = —9' + (— 1)"+^^^ is nondegenerate, 

2. Tg = 9'{-9' + {-lY+^9)-^ and ne = {-9 + {-lY+^9')-^9' are integral matrices, and 

3. the Farber-Levine pairing induced by 9 is isometric to the Farber-Levine pairing on 

Tn-l{X). 

Proof. Suppose we have such a knot L and its cobordism class of Seifert matrices [9]. We 
show that there is a Seifert matrix in the cobordism class satisfying the listed properties: We 
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know that the first two requirements are always necessary for a Seifert matrix. For the third, 
recall that by Theorem I3.2(J1 any disk knot is cobordant rel boundary to a simple simple 
disk knot, and by Theorem 13.151 any two such disk knots have cobordant Seifert matrices. 
By Theorem I4.10[ any Seifert matrix of a simple disk knot determines the Farber-Levine 
pairing on T„_i(X) of the boundary knot up to isometry. So there is a Seifert matrix in the 
cobordism class [9] that induces the correct Farber-Levine pairing (up to isometry). 

Conversely, given a 9 that meets the above requirements. Theorem 14.91 and its proof 
assure us that we can construct a simple disk knot Li with finite simple boundary whose 
Seifert matrices fall in the cobordism class [9] of 9 and induce the given Farber-Levine pairing 
on the boundary knot. Now let Lq be any simple disk knot with our given K as boundary. 
Such a knot always exists since K is nuU-cobordant by its dimensions and [S], and there is a 
cobordism rel boundary of any disk knot to a simple disk knot by Theorem I3.2UI Let 9q be 
any Seifert matrix of Lq, and note that 9q determines the Farber-Levine pairing on T„_i(X). 
Also, again by Theorem 14. 9[ there is a simple disk knot with torsion simple boundary 9q 
whose Seifert matrices fall in the cobordism class [^o] and induce the given Farber-Levine 
pairing. Since Li and Lq are both simple disk knots with torsion simple boundaries Ki and 
Kq and since the boundary modules ifn-i(-^o) and are Farber-Levine isometric by 

construction and contain no 2-torsion by assumption, Kojima's Theorem Pj implies that Kq 
and Ki are isometric. So now let us form the sphere knot /C = LiVJkq —Lq. By Theorem 13. 141 
the Seifert matrix of K, is cobordant to ffl —9q. Finally, we form the connected sum away 
from the boundary L = Lq^JC. Then L has Seifert matrix cobordant to 9qS{9S —9o) = 9, 
and it is our desired knot. □ 

We note that the statement of the theorem only guarantees that some element in the 
cobordant class determines the proper Farber-Levine pairing, not all elements. This is really 
the best that can be hoped for since given an arbitrary disk knot, it is possible that T„_i(X) 
may not be in the image of d^, or there may be elements in Tn-i{X) that are in the image of 
Tn{C,X). The Farber-Levine pairing on such elements clearly won't be determined by the 
Seifert matrix. However, as noted in the proof, there is always a cobordism rel boundary to 
a simple disk knot for which the entirety of the Farber-Levine pairing is determined by the 
Seifert matrix, and we know that such a cobordism keeps the Seifert matrix in its cobordism 
class. While this argument shows that a cobordism class does not determine a Farber-Levine 
pairing, we make the following conjecture: 

Conjecture The cobordism class of any integer matrix satisfying 

1. Rq = —9' + (— 1)"+^6' is nondegenerate, 

2. Tg = 9\-9' + (-1)"+^^)-! and fig = {-9 + {-l)''+^9'y^9' are integral matrices 

determines a unique element in the Witt group of Z-linear conjugate self-adjoint (— l)""*"^- 
symmetric nonsingular pairings to Q/Z on finite A[{t — l)~^]-modules. 

Our realization theorem makes no conclusions about knots for which T„_i(X) possesses 
2-torsion. This is because finite simple even-dimensional sphere knots are not determined 
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entirely by their Farber-Levine pairings, and so the previous proof breaks down; we can not 
apply the theorem of Kojima. It was shown by Farber in a series of papers culminating 
in |2l HI (see also j2]) that in this case there is also an even-torsion pairing on the stable 
homotopy groups (T„+i(X) that plays a role in the classification. In fact, Farber shows that 
such knots are classified completely by the algebraic invariants in their A-quintets. It remains 
unclear whether the Seifert matrices and/or Blanchfield pairings of a simple disk knot are 
sufficient to determine the A-quintets of their boundary knots, so we can not yet broaden 
Theorem 14.121 to include realizability for all knots. An alternative procedure would be to 
show that all knots constructed in Theorem 14.91 that give the same Farber-Levine pairing 
on the boundary just happen to have the same actual boundary knot. If so, the proof 
of Theorem 14.121 would apply without the need to invoke a broader classification theorem. 
However, we have not yet been able to establish this either. 

5 Blanchfield pairings determine Farber-Levine pair- 
ings 

In this section, we will establish that for a simple disk knots of odd dimension .D^n-i ^ jj2n+i ^ 
the Farber-Levine Z-torsion self-pairing T„_i(X)®T„_i(X) Q/Z is determined completely 
by the module H = cok(iJ„(X) Hn{X)) and its self-Blanchfield pairing. This result is 
used in the previous section in conjunction with the main theorem of to recognize the 
boundary knots of knots we have constructed. 

We will begin by demonstrating that the module and the Farber-Levine pairing 

on its submodule T„_i(X) are determined by the self-Blanchfield pairing on Hn{C). This 
will be done initially by developing a formula relating the two pairings based upon the 
geometry of chains. Once this connecting formula is established, we will abstract to the 
purely algebraic situation and redefine the Farber-Levine pairing by a completely algebraic 
construction given Hn{C) and its Blanchfield pairing. This will allow us to prove that the 
isometry class of the latter completely determines the isometry class of the former. We 
then show that, in fact, H, which algebraically corresponds to the quotient of Hn{C) by its 
annihilating submodule, is sufficient to determine T„_i(X) and its Farber-Levine pairing. 

To simplify things marginally, observe that dC = XUs^^-^xrD'^"'^^ x M so that, for n > 2, 
the map induced by inclusions Hn^i{dC) is an isomorphism and Hn{X) 

Hn{C) is an epimorphism. It therefore follows from the five lemma applied to the exact 
sequences of the pairs that Hn{C,X) — > Hn{C,dC) is an isomorphism. For n = 1, X ^h.e. 
S^, so X ^h.e. *■ In this case there is no Farber-Levine pairing of interest, so we will 
shall always assume n > 2. We will work with dC or X as convenient, but using these 
isomorphisms, we can assume that all relevant chains are actually contained in X. 

For a simple disk knot /^^n-i ^ jj2n+i^ Hi{C) = for < i < n due to the connectivity 
assumptions. Now, as observed in jE] (and holding for any regular covering of a com- 
pact piecewise-linear n-manifold with boundary), H^{C) = H^^~^^~*(C,dC), the conjugate 
of the cohomology of the cochain complex }lom\{C^{C,dC),A). Similarly, H^{C,dC) = 
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ifg"+^^*(C), the conjugate of the cohomology of the cochain complex HoniA (C*(C), A). It 
now follows from Proposition 2.4 of jE] and this generalization of Poincare duality that 
there exist short exact sequences 

> Exti(i/„_2(C'),A) > Hn+i{C,dC) . Exti(i/„_i(C'),A) . 

> Exti(if„_i(C'),A) > H4C,dC) > Ext\{HniC),A) > 0. 

By the connectivity assumptions on C, these imply that Hn+i{C,dC) = Hn+i{C,X) = 0, 

and Hn{C,dC) = Ext\(if„(C'), A). Since Hn{C) is of type K (it is finitely generated and 
t — 1 acts as an automorphism), Ext\(/7„(C*), A) is Z-torsion free by Prop. 3.2], hence 

So we have shown that there is an exact sequence of Alexander modules 

. H^{X) . H^{C) H^{C,X) H^-i{X) . 

and that Hn{C,X) has no Z-torsion. We seek first to determine how the self-Blanchfield 
pairing on HniC) determines the Farber-Levine Z-torsion pairing [ , ] : T„_i(X)(8)T„_i(X) — > 
Q/Z, where Tn-i{dX) is the Z-torsion subgroup of Hn-i{X). 

We begin by recalling the constructions of the various pairings involved. The following 
discussion integrates the relevant work from papers of Blanchfield pQ and Levine and 
adapts it, where necessary, to the case of disk knots. 

We can assume that C, the infinite cyclic cover of the exterior of the disk knot L : 
£)N-2 f~ jjN ^ triangulated equivariantly so that C^{C,dC) is a free left A-module with 
basis given by the cells of C not in dC. Then C^:{C) can be taken as the free left A-module 
with basis given by the dual cells to the given triangulation of C ^3]. One then defines an 
intersection pairing of left A-modules to A at the chain level by setting a ■ b = Yli S{a, fb)f 
for a G Ci{C), b G CN-i{C, dC), where S is the ordinary intersection pairing of chains. If we 
use an overline^to denote the antiautomorphism on A determined by t = t~^, this pairing 
satisfies the following properties jlj: 

1. {x + y) ■ z = X ■ z + y ■ z 

2. x-{y + z)=x-y + x- z 

3. (7x) ■ {6y) = 75(x ■ y) for 7, 5 G A 

A. x-dy = i-iydx -yfoTxe diC), y G C^+i-i(C', dC) 

5. There exist dual bases {xj} C Ci{C) and {yk} C CN-i{C,dC) such that Xj ■ yk = Sjk, 
the Kronecker delta. 

These properties ensure that the pairing ■ descends to a well-defined pairing of homology 
modules. It also follows from the properties of the ordinary intersection form on a manifold 
that if X G Hi{C) and y G HM-i{C), then x-p^{y) = (— l)*^^"*)?/ where p^, : Hn{C) 

Hn{C,dC). 
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From here, it is possible to define a linking pairing (the Blanchfield pairing) V : Wi{C) 
WN^i^i{C, dC) (5(A)/A, where Wi{X) is the submodule of weak boundaries of Cj(X) and 
(5(A) is the field of rational functions. If a G Wi{C), h G WN-i~i{C,dC) and A G Ci+i{C) 
with dA = aa for some a G A, then V{a, h) = ^A ■ b by definition. Note that this linking 
number is well-defined to Q{A) at the chain level. However, in order to descend to a well- 
defined map on homology classes with torsion, it is necessary to consider the image of V in 
Q{A)/A. In the case of interest to us, the relevant pairing will be V : Hn{C) ®Hn{C, dC) 
Q{h)/A when N = 2n + 1 (recall that both modules are A-torsion so all cycles weakly 
bound). By §5], since Hn{C,dC) is Z-torsion free, the pairing is nonsingular in the 
sense that its adjoint provides an isomorphism Hn{C,dC) B.om/^{Hn{C),Q{A)/A) (the 
overline on Hn{C,dC) indicates that we take the module with the conjugate action of A 
under the standard antiautomorphism, reflecting the fact that V will be conjugate linear, 
since ■ is). This pairing determines a self-pairing ( , ) on HniC) by (a, 6) = V{a,p^{h)). 
This pairing is (— l)"+^-Hermitian, i.e. (a, 6) = (— 1)""'"^(6, a), and it is nondegenerate on 
coim(p^,). 

Now, it requires more work to define the Farber-Levine Z-torsion pairing. Generally, 
these are pairings [ , ] : Tj(X) ® T/v-j-2(-^) — > Q/^, where Tj{X) is the Z-torsion submodule 
of Hj{X) and X has dimension N. We will specialize immediately to our case of interest 
N = 2n, i = n—1. Note that this is a pairing on the torsion Alexander module of a locally-fiat 
sphere knot, so we simply repeat Levine's construction from ^3]. In fact, Levine begins with 
a sophisticated definition via homological algebra and then produces an equivalent geometric 
formulation. We will be more concerned with the geometric formulation, but there is one 
intermediate algebraic construction that remains necessary. We first need to choose two 
integers, but the final outcome will be independent of the choice modulo the restrictions on 
choosing. Let m be a positive integer such that mT^^^{X) = 0, where T"^^(X) is the torsion 

subgroup of H^~^^{X). By generalized Poincare duality, T^~^^{X) = T„_i(X), so m kills this 
module as well. In fact, such an m exists since T„_i(X) is finite by Lemma 3.1]. Next, 
let Am = A/mA = Z„[Z], and let 6 = A/{t^ - 1), where k is a positive integer chosen large 
enough so that t'^ — 1 annihilates if"(X; A^)- Such a k exists since if"(X; A^) = Hn{X; A.^) 
by generalized Poincare duality, and this module is also finite, again by [T^ Lemma 3.1] 
and the argument on the bottom of page 18 of [H]. Since H^{X;Am) is finite and t acts 
isomorphically, t'' = 1 for some integer k > 0. Hence t'^ — 1 annihilates the module for this 
choice of k. Note that - 1 also kills i?„(X; A^) since - 1 = f'' - 1 = -r^{t'' - 1) and 
t acts automorphically. By the same arguments, we can find a k such that — 1 annihilates 
HniC; Am)- Since if„+i(C,X) = 0, we also get HniC , X] Am) = because, as an abelian 
group, Hn+iiC , X; Am) = Hn+iiC,X) ®i Xm (recall that HniC,X) is Z-torsion free). So 
Hn{X;Am) maps monomorphically into HniC; Am) in the long exact sequence of the pair 
iC,X) with Am coefficients, so this k suffices to kill HniX; Am) as well. In other words, for 
any k such that t'^ — 1 kills HniC; Am), the same choice of k gives a. — 1 that also kills 
HniX; Am)- 

The geometric part of the construction now finds a pairing { , } : T„_i(X) (g) T„_i(X) 
Ii6)/6, where /(^) is the A-injective envelope of 6- But for a finite A-module A, Hom^iA, Ii9)/9) = 
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HomA(A, (Q ®i 6)/6) = Homz(y4, Q/Z), so it is possible to define [ , ] as the composition of 
{ , } witli tliese isomorpliisms. 

Tlie pairing { , } can be described in tfie following geometric manner: Suppose that z and 
w are cycles representing elements of T„_i(X). By the choice of m, mz is null- homologous, 
so mz = dz' for some z' G C„(X). Then (t^ — l)z' is null-homologous mod m since we know 
that — 1 annihilates Hn{X; Am)- Thus, we can write {t'' -l)z' = dz" + mzo for some 
z" G C„+i(X) and zq G Cn{X). Then one sets {z,w} to be the image of {—z" ■ w)/m, which 
is in r, under the composition F ^ Q ® ^ C I{d) I{9)/9. It turns out that this pairing 
is independent of the choices involved and descends to a well-defined map on the homology 
torsion subgroups. See [Hj for more details. 

Using this geometric definition, we next show how the middle dimensional pairing { , } : 
T„_i(X) ® T„_i(X) can be expressed in terms of the linking pairing V : Hn{C) ® 

Hn{C,dC). In the following computations, all pairings are defined at the chain level, so 
there is no ambiguity. Consider cycles z, w representing elements in T„_i(X). Let z', z", Zq G 
C*(X) be as defined above. We need to reformulate {—z" ■ w)/m, where the intersection 
product is that in X. 

Since : Hn{C,X) — >• Hn-i{X) is surjective, there exist chains X,Y E Cn{C) such that 
dX = z and dV = w. Then, the intersection number z" • w in X is equal to the intersection 
number of z" and Y in C. This follows just as in the more standard case of intersection 
numbers for manifolds with boundary. 

Next, observe that = d'^z" = d{{t^ — l)z' — mzo) = [t^ — l)mz — mdzo, which implies 
that dzQ = (t'^ — l)z. This also implies the important fact that t*^ — 1 annihilates T„_i(X) 
since z is an arbitrary element of it. Let S = {t'^ — 1)X — zq & Cn{C). The chain is a cycle 
and so represents an element of Hn{C). Since Hn{C) is a finitely generate A-torsion module, 
there exists an element A G A such that AHn{C) = 0. So there exists a chain R G Cn+i{C) 
such that OR = AS. Similarly, define the n-cycle B = mX — z\ and choose an n -|- 1 chain 
A'lYiC such that dA = AB. 

Now d{mR - {t^ - l)A) = mdR - {t'' - l)dA = mAS - {t^ - l)AB = A{m{t^ - l)X - 
mzQ — {t'^ — l)(mX — z')) = Adz". Using the properties of intersection forms we can see that 
Az" ■ Y = {niR - it'' - I) A) ■ Y. In fact, {Az" -mR+ {t^ - I) A) is a cycle in Cn+i{C) and 
so represents a homology class. Thus {Az" — mR + {t^ — V)A) • F is a well-defined element 
of A under the intersection pairing Hn+i{C) ® Hn{C,X) A. But we know this pairing is 
A-linear in Hn+i{C), and Hn+i{C) is A-torsion. So this intersection must be G A. 

Thus, since the intersection z" ■ w in X is equal to the intersection number z" -YinC, 
we compute 



z' 



" -xw _ z" -cY _ {mR - {t^ - I) A) ■ Y 



m m mA 

R-Y -lA-Y 



A m A 

= V{S,Y)-^-^V{B,Y), 
m 

and this establishes a formula for {z, w} = ^ in terms of the linking pairing V under 
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the projection to I{9)/9. Note that this formula is well-defined on passage to homology, 
since we know in this case that V is well-defined up to elements of A. So the first term of 
this expression is well-defined up to an element of A and the second term up to elements 

j-k 1 

of the form ^^A, A G A. But all such elements are in the kernel of the composition 
r — > Q ® 6' C I {9) I{9)/9. Note, however, that we are not free to conclude that the term 
^^V{B, Y) lies in this kernel. 

Since this construction yields the well-defined element [z,w], it must be independent of 
the choices made in the construction, but we will also verify this below in the process of 
abstracting this pairing to a purely algebraic construction. Thus we will see that the torsion 
pairing [, ] on T„(X) is completely determined by the isometry class of the Blanchfield 
self-pairing on Hn{C). So now we forget the geometry and abstract to a purely algebraic 
setting (though we will, perhaps confusingly, keep the geometric notation). Suppose we 
are given a A-torsion module of type K and possessing a (— l)"+^-Hermitian self-pairing 
(, ). We will suggestively call this module Hn{C). This determines a map : HniC) — > 
Hom(if„(C'), Q(A)/A), and we suggestively call the codomain module Hn{C,dC). It is 
Z-torsion free by ^1 Props. 3.2, 4.1]. The map is determined by the formula {x,y) = 
V{x,p^{y)), where here V is the canonical pairing if„(C') xHom(if„(C'), Q{A)/A) — > Q{A)/A. 
This in turn yields the quotient module cok(p*), which we denote Hn-i{X). The Z-torsion 
submodule T„_i(X) will be finite by ^3 Lemma 3.1], and so we can choose an integer m > 
such that m annihilates it. Similarly, we find a k such that t'^ — 1 annihilates Hn{C) (S>z Z^ 
and T„_i(X). To see that such a k exists, we make the expedient observation that since 
Hn{C) is a A- module of type K by assumption, there exists a sphere knot with Hn{C) as 
one of its Alexander modules and as its succeeding A-module, and then the existence of 
an annihilating — 1 for the corresponding Hn{C;Am) = HniC) ®i Z^ follows as in the 
original arguments in Furthermore, Hom(if„(C'), (5(A)/A) will be its dual Alexander 
module, hence also of type and so the quotient is of type K. So T„_i(X) is 

finite and also subject to annihilation by t*^ — 1 for some k. Hence there exists some k such 
that t'^ = 1 on both these modules. 

We can fix m and k by choosing the smallest positive integers that satisfy these properties. 
Then given x,y & T„_i(X), we can define {x,y} G I{9)/9 by choosing X, F G Hn{C,X) 
such that 9*(X) = x and d^,{Y) = y and 5, S* G Hn{C) such that p*{B) = mX and 
p*{S) = {t^ — 1)X, which is possible since 9*(mX) = d^{{t'^ — 1)X) = 0. Then to get 
{x, y} we simply take -V{S, Y) + '^V{B, Y) G Q(A)/A, where V : Hn{C) ® /7„(C', dC) ^ 

Hn{C) ^B.om{Hn{C) , Q{A)/A) —> Q{A)/A is the natural Hermitian evaluation, and compose 
with the map Q{A)/A — > I{9)/9 induced by the commutative diagram 

A > 9 

Q(A) > I{9) 

whose vertical maps are inclusions (see [E]). To get [x,y], we then follow [13] and apply 

the isomorphisms RomAiA, I{9)/9) = HomA(A, (Q 9)/9) ^ Homz(A,Q/Z) for a finite 
A-module A. 
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Let us show algebraically that this process is independent of choices oi X, Y, B, and S. 
Continuing to mirror the geometric language, we let (9* denote the quotient Hn{C, dC) 
Hn-i{X) = cok{p^:). Suppose that instead of F G Hn{C,dC), we choose Y' so that d^Y — 
d^Y' = w. Then d^{Y - F') = so F - F' = p^{U) for some U in Hn{C). Then 

Vis, Y) - ^-^V(B, Y) - (V(S, Y') - ^-^V(B, Y')) 
m m 

= V(S, Y-Y')- i-Zlv(B, Y - Y') 
m 

^V{S,p.{U))-^-^V{B,p^{U)) 
m 

^{S,U)-*—^{B,U) 
m 

t'' - 1- 



^±({U,S)-——{U,B)) 

fit 

= ±{V{UMS)) - ^-^WmW)) 

fit 

k 1 



±(V(U, (t^' - 1)X) V(U,mX)) 

m 



= ±(r - i){v{u,x) - v{u,x)) = 0. 

Note that {t'^ — 1) gets conjugated twice as it is pulled out of the first term: once due to the 
Hermitian property of the pairing and once by the explicit conjugation. 

For an alternate choice of S, say S', with = (t^ — l)X, then S — S' E kcr(p*), and 

choosing M e Hn{C) such that p,(M) = mY, we have V{S - S',Y) = ^y{S - S',mY) = 
■^V{S — S',p^{M)) = ±^V{M,p^{S — S')) = 0. A similar argument shows independence of 
choice of B. 

Now, if we choose X' instead of X along with corresponding B' and 5" and let M,N e 
Hn{C) such that p*(M) = mY and p^{N) = {t^ - 1)Y , we get 

V{S, Y) - ^-^V{B, Y) - {V{S\ Y) - ^-^V{B', Y)) 
m m 

= Vis - S', Y) - ^—Zlv(B - B', Y) 
m 



- 1. 



= {t'' - 1) V{S - S', (r - 1)Y) —ViB - B', mY) 

TTt 

= W^)~'V{S - S'MN)) - ^-^V{B - B'MM)) 
= ±{W^y'v{NMS-S')) - l^V{M,p,{B-B'))) 
= ±((i*^ - 1)"V(A^, {f" - 1){X - X')) - ^—^V{M,m{X - X'))) 



m^ 



±{==V{N, X-X') -— y(M, X - X')). 
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Conjugating the whole equation gives 



±( 



-ViN, X-X') ViM, X - X')) 

1 m 

= ±tzliy^N, X-X')- *-^V{M, X - X')). 
— 1 m 

But we know that the expression inside the parentheses is from our calculations above 
with Y and Y' and noting that this expression is independent of choice of N and M just as 
in the above proof of independence of B and S. 

Finally, we show that the isometry class of (T„_i(X),[, ]) is determined algebraically 
completely by the isometry class of {Hn{C), ( , ))■ Given an isometry / : {Hn{C), ( , )) ^ 
{Hn{C'), ( , )'), we obtain a commutative diagram of exact sequences 



Hn{C) Hom(i/„(C),g(A)/A) > H^-i{X) > 



/ 



(r)-i=ft 



a 



Hn{C') Hom(//„(C"),g(A)/A) > H^-iiX') > 0, 

in which and p'^, are induced by the (— l)"+^-Hermitian pairings (, ) and (, )' and g is 
induced by (/*)^^ so that the commutativity of the last square is tautological. Here /* 
is an isomorphism since / is. To see that the first square commute, we use V{x,p*{y)) — 
{x^y) = {f{x)J{y)y = V'{f{x),p'J{y)) = V{xJ*p'J{y)). Since x and y are arbitrary 
and the pairings are nondegenerate, we we see that = So now by reversing 

/* to (/*)~^, we get an isomorphism of exact sequences which induces the isomorphism 
g:H^_,{X)^H^_^{X'). 

So g is an isomorphism of modules and, in particular, the same choices of m and t'^ — 1 
serves to annihilate both. Finally, we want to show that g induces an isometry of the 
Farber-Levine pairing [, ] on T„_i(X) = T„_i(X'). Of course it is sufficient to show that it 
induces an isometry of { , }. Given z,w & T„_i(X), wc know {g{x), g{y)y is determined by 
V'{S', Y') - '-^V'{B', Y'), where B', S', Y' defined above. By the commutativity, we 

can choose Y and X such that h{Y) = Y' and h{X) = X', which then implies that there are 
S and B such that f{B) = B' and f{S) = S'. Let us also choose M such that p^M) = mY 
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and a corresponding M' = f{M) (so p^,{M') = mY' = mh{Y)). We have 



V'{S', ¥') - ^-^V'{B', Y') = V'ifiS), h{Y)) - h{Y)) 
m m 

= -V\f{S),mh{Y) - ^-=lv'{f{B),mh{Y)) 
m m'^ 

= -V'{f{S)MP*{M))) - ^^V'U{B)M*{M)) 
= -V\f{S),p'J{M)) - ^-^V\m,p'JiM)) 

= ^{fis)jiM)y-'-^{fiB)jiM)y 

= ^{S,M)-^-^{B,M) 

= -V{S,p.{M)) - t^v{BMM)) 

= V{S,Y)-*-^V{B,Y). 
m 

So g is an isometry of the Farber-Levine pairing. 

We summarize what we have achieved so far as follows: 

Theorem 5.1. Given a simple disk knot _D2n-i ^ jj2n+i ^ module and the 

Farber-Levine Z-torsion pairing on T„_i(X) are determined up to isometry by the isometry 
class of the Blanchfield self-pairing on HniC). 

With a little more work, one could enlarge this theorem to apply to more general cases, 
for example some disk knots that are not necessarily simple. However, the theorem as stated 
will be sufficient for our purposes. 

Before we move on to showing that T„_i(X) and the Farber-Levine pairing really only 
depend on H and its self-Blanchfield pairing, it is worth pausing to clear up the dependence 
of our formulation of the Farber-Levine pairing on the choices of m and k. Although we 
began the purely algebraic part of our discussion by fixing a canonical k and m, i.e. we chose 
k and m without any ambiguity as the smallest positive integers satisfying certain properties, 
let us be complete and demonstrate independence of k and m within the restrictions imposed 
by these properties. Of course the Farber-Levine pairing does not depend on these choices 
by the work in but we will compute directly from our new definition. 

First, let us consider a new choice k' . We need t^' = 1 on certain modules, and we 
have assumed that k is the smallest positive integer for which this holds, so we must have 
k' = bk for some < 6 € Z. Now recall that to define {x, y} in terms of V, we had to 
find X,Y e Hn{C,X) such that d{X) = x and d{Y) = y and B,S e H„{C) such that 
p^:{B) = mX, p^:{S) = {t^ — 1)X. The only choice that depends on k is that of S", so let us 
take a new S' e Hn{C) with p^S') = {t^' - 1)X. In fact, let us choose S' = which 
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will suffice (note that -pr—^ G A). Now we compute 

t''' - 1 t'^' -1 t^' - 1 1'' - 1 
V{S', Y) V{B, Y) = V{——S, Y) - V{B, Y) 



m 



t'^' -I 



-I 



- 1 
- 1 



m 



m 



ViB,Y)). 



If we let 9k = Is./ {t^ — 1), then the final formula gets projected to I{6k)/0k while the first 
gets projected to I{9k')/9k'. So the question becomes whether the diagram 




i{ek')/o, 



commutes on the bottom triangle. This follows from purely algebraic computations of Levine 
O pp. 12, 16]. 

Now let's see what happens if we change miom' . Since m was also selected as the smallest 
positive integer which kills certain groups, we must have m' = am for some < a G Z. Recall 
that k' must now be chosen so that t'^' = 1 on a certain finite collection of finite A-modules 
depending on m' and that k is chosen similarly to correspond to m. But then there must 
exist a K such that = 1 on all of these modules (e.g. just take K = kk'). Since we have 
already shown the pairing to be independent of choice of k for fixed m, we are free to work 
with this K. Once again we can choose X and Y independent of m or fc, and we choose -B, 
i?', and S so that p*{B) = mX, p^{B') = m'X, and p^{S) = {t^ — 1)X. In fact, we can 
choose B' = aB. Then 



ViS,Y) 



-jlv{B',Y) = V{S,Y) - ^-!^V{aB,Y) 



m 



V{S,Y) 



am 
m 



ViB,Y). 



And since we have estabhshed independence of K, this equation gives us independence of m 
on passage to Q/Z. 



The Farber-Levine pairing depends only on H and its pairing Now that we have 
shown that, for a simple disk knot, the Farber-Levine torsion pairing on T„_i(X) is deter- 
mined by the self-Blanchfield pairing on if„(C), we wish to strengthen this result somewhat 
and show that, in fact, it only depends on the self-Blanchfield pairing on H, the cokernel 
of the map Hn{X) —>■ Hn{C). This pairing will no longer determine all of if„_i(X), but it 
suffices to determine T„_i(X) and its Farber-Levine pairing. From this, we will be able to 
conclude that the Farber-Levine pairing is determined by the Seifert matrix of the disk knot. 
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Theorem 5.2. For a simple disk knot L : _D^"~^ C D'^^'^^, the A-module T„_i(X) and its 
Farber-Levine X-torsion pairing are determined up to isometry by the isometry class H with 
its self-Blanchfield pairing. 

Proof. Once again, we know that we have the exact sequence 

> Hr,{X) Hr,{C) H^{C,X) . Hn-i{X) . 

and that the modules iJ„_i(X) and T„_i(X) and the Farber-Levine pairing on T„_i(X) 
are determined by the self-Blanchfield pairing on Hn{C). The module H is the cokernel 
of i^:, and it contains no Z-torsion as Hn{C,X) is Z-torsion free (since the knot is simple). 
In the purely algebraic context also considered above, we could alternatively define H as 
Hn{C)/H^{C), where H^{C) is the annihilator of Hn{C) under its Blanchfield pairing. In 
this context, H has no Z-torsion because it injects into HomA(-ff, Q(A)/A), which has no 
Z-torsion by O Props. 3.2, 4.1]. 

Consider now the following diagram: 



H 



P 



HomA(//n(C'),g(A)/A) A H^-i{X) 



TC 







H 



P 



Rom^{H,Q{A)/A) 



V 



A 







Denoting by p the map induced from p*, the first line is exact by the exactness of the 
preceding diagram, which also induces the map p : H B.om\{H,Q{A)/A) since the self- 
Blanchfield pairing is trivial on any element of im(z^) = ker(p*) = H^{C). The map p is 
injective since the self-Blanchfield pairing on H is nondegenerate. The map vr* is induced by 
the projection vr : Hn{C) — > H, and it is injective since vr is surjective and the Hom functor 
is left exact. The A-module A is the cokernel of p by definition, and g is induced by the rest 
of the diagram, g is injective by the five-lemma. 

Suppose X G T„_i(X), the Z-torsion submodule, and that m = |T„_i(X)|. From the 

diagram, x = d{y) for some y G }iom\{Hn{C),Q{A)/A), and my = p{z) for some z & H. 
By commutativity, my = 7i*p{z). So my lifts to HomA(ff, Q(A)/A), which means that my 
annihilates the subgroup Hn{X) of Hn{C). So for every element w G Hn{X), my{w) = 
V{w,my) G A, which implies that each rational function y{w) must be of the form Xui/m 
for some Xw E A. 

We claim that in fact we must then have y{w) G A for every w G Hn{X). The proof is 
similar to that of Lemma 5.1]. First note that in the abstract algebraic context, if„(X) 
is of type K by applying the five lemma to the above commutative diagram mapped by t — 1; 
we note that HniC) is of type K by algebraic assumption and HomA(-ffn(C*), Q(A)/A) is of 
type K by [HJ Prop 4.1 and p. 8]. Now, suppose that w G Hn{X). Since Hn{X) is of 
type K, by the proof of [TU Cor. 1.3] there is a polynomial A such that AHn{X) = and 
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A(l) = ±1. So y{Aw) = Ay{w) = AXw/m G A. But since A(l) = ±1, no factor of m 
divides A in A, so it must be that m divides each A^, i.e. y{w) = A^/m G A. 

This shows that y annihilates if„(X) , which imphes that y hfts to an element in B.om{H, Q{A) / A), 
i.e. y = 71* {y'), which implies that x = d{y) = gr]{y'). So T„_i(X) C im((yf). But T„_i(X) 
is finite [T^ Lemma 3.1] and g is injective, so we must have T„_i(X) = T{A), the Z-torsion 
subgroup of A. 

Of course by our previous discussion, the Farber-Levine Z-torsion pairing on T{A) is 
determined by the self-Blanchfield pairing on H, and by the inclusion of the second row of 
the diagram into the first, these parings are compatible with those of T„_i(X) and H (as 
induced from Hn{C)). So T{A) and T„_i(X) are isomorphic with isometric Farber-Levine 
pairings, induced by the self-Blanchfield pairing on H. 

□ 

Corollary 5.3. For a simple disk knot L : /)2n-i ^ jj2n+i^ A-module T„_i(X) and its 
Farber-Levine Z-torsion pairing are determined up to isometry by any Seifert matrix for L. 

Proof. As seen in Section HI the module H and its Blanchfield self-pairing are determined 
by any Seifert matrix for L. Thus the corollary follows immediately from the preceding 
theorem. □ 



6 Changing Seifert surfaces 

The entirety of this long section will be devoted to studying what happens to the Seifert 
matrix of a disk knot when we change the Seifert surface. Such alterations can always be 
performed by first doing surgery on the boundary Seifert surface F and then performing 
internal surgeries that avoid the boundary. Although we will see that different effects arise 
in different cases, we can summarize the results as follows: 

Theorem 6.1. Any two Seifert matrices for a disk knot differ by a rational S- equivalence. 

Proposition I3.13( which stated that two Seifert matrices for a disk knot are cobordant, 
follows. 

To prove the theorem, we need to relate various Seifert surfaces for a fixed disk knot. 
So suppose that we have two copies of a disk knot L, which we will call Li and L2, with 
Seifert surfaces Vi and V2 and boundary Seifert surfaces Fi and F2. Consider the knot 
L X I = (/)2n+i ^ £)2n~i ^ j-j Tj^jg jg also a disk knot, and we can think of it as realizing 
the trivial cobordism from Li to L2. On the boundary, dD'^"'^^ x /, we have the trivial 
cobordism of the boundary knot K. As in |13| §], we can then construct a cobordism U 
from Fi to F2 in dD'^ x / such that dU is equal to the union of Fi, —F2 and the trace of 
the trivial isotopy. The union Vi U f/ U — V2 is a Seifert surface for Li U i^' x / U —L2, the 
boundary knot of L x /. By ^21 §8], this can we extended to a Seifert surface W for L x L 
The pair (W,U) thus provides a cobordism from (V^i, Fi) to (V2, -^2)- 

Now, as usual when dealing with cobordism with boundaries, we can break up the process 
into two distinct steps. We can first consider the cobordism of the boundary. In our case 
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this amounts to beginning with Vi C 1)2"+^ and adjoining U C dD'^^^^ x I. In other words, 
we form (Z}^"+^, Vi) U(52n (S*^" x I,U). Note that we do not need to mention the knots 
exphcitly since they are contained in the embedding information. Then we perform the usual 
trick and "rekink" the diagram so that W becomes a cobordism rel boundary from ViU U 
to V2. 

In the first subsection below, we consider the second stage and determine how a Seifert 
matrix is affected by an internal cobordism, i.e. one that leave the boundary Seifert surface 
fixed. In the second subsection, we consider the effect of the boundary cobordism. 

6.1 Changing the Seifert surface on the interior 

In this subsection, we first assume that we have two of the same disk knot L : /)2n-i ^ jj2n+i 
(denoted Li and L2 when necessary) with two Seifert surfaces Vi and V2 that agree on the 
boundary (i.e. they have the same Seifert surface for the boundary sphere knot F := Fi = 
F2), then we can embed L x J in Z)^"+^ x I and consider the boundary knot Li U —L2 UK x I 
and its Seifert surface Vi U —V2 U F x L This can be extended to a Seifert surface W for 
the whole disk knot L x I, see ^21 §8]. We can now proceed to analyze the change in the 
Seifert matrix from that obtained from Vi to that obtained from V2 analogously to the case 
for sphere knots in ^H]- In particular, we can create a smooth (PL) height function and 
separate W into critical levels. This allows us to restrict to the case where W is obtained 
from Vi by adding a single handle so that Vi and V2 differ by a single surgery. We will make 
this assumption throughout. 

As in [T^ Lemma 1], if cycles in Vi and V2 are homologous through W, then they admit 
the same linking pairing numbers. We state this as a lemma for future reference: 

Lemma 6.2. If a, /3 G F„(Vi), a',/3' G Fn{V2), and ii{a) = ^2(«'); HiP) = i2{fi'), where 
ij : Fn{Vj) Fn{W) are induced by inclusion, then 6i{a,(3) = 62(0', (3'), where 9 and 62 are 
the Seifert pairings on Vi and V2, respectively. The analogous results holds for the Seifert 
pairings relating FniVj) and F„(\^-,F). 

Proof. This is an immediate generalization of Lemma 1]. □ 

Also as in JH], there is no effect to Fn{Vi) if the index of the handle is less than n or if 
it has index n and the boundary of the cocore of the handle (which is 9* of a generator of 
Hn+i{W, V2)) has finite order in Hn{V2): If the index is i < n, then H^:{W, Vi) is Z for * = z 
and otherwise, while H^,{W, V2) is Z for * = 2n — i and otherwise. It follows from the long 
exact sequences of the pairs that Hn{Vi) = HniW) = Hn{V2). We also have a commutative 
diagram induced by inclusions 

H^{F X 1) > HrXV2) 

H^{F X I) > H^{W) (2) 

Hr,{F X 0) . H^{Vr) , 
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so El = E2 and this is an isometry of Seifert pairings by Lemma 16 .21 (Recall our notation 
from Section 121) 

If the index of the handle is n but the boundary of the cocore represents a torsion element 
a G Hn(y2), we consider the following diagram 

H^-,i{W,V2) = Z 



(3) 



HniVi, 



Hn{W) 





The composition if„(V2) — * Hn{W) — * HniW, Vi) is determined by the intersection number 
in V2 of the cycle in Hn{V2) with that given by the boundary of the cocore of the handle 
(see roughly, this intersection number measures how many times a cycle wraps around 
the handle). If this boundary a has finite order, then this composition is since it maps 
to Z. Hence Hn{V2) maps into the the kernel of d^^, which is the injective image of if„(Vi). 
But this map is also onto Hn(W) with kernel a torsion element. So HniW) = if„(^i), 
and these are isomorphic to Hn{V2) modulo the torsion subgroup generated by a. Since 
diagram continues to hold modulo torsion, Ei = E2, and we can pick a basis for -F„(V2) 
corresponding to our fixed one for En{Vi) through homologies in W. So by Lemma (6.21 Ei 
and E2 are isometric with respect to the Seifert pairing. 



Suppose now that we have a handle of index n and that the boundary of the cocore, 
a G Hn{V2), is not a torsion element and that qq is its primitive (i.e. a is a non-trivial 
positive multiple of ag and is not a multiple of any other element). We claim that either 
E and its pairing are unaffected or that F„(V2) = F„(Vi) ©Z©Z and E ^ ^©Z^. Note that 
this claim says nothing yet about the extension of the pairing; we shall discuss this below. 

Consider again the above commutative diagram (jS)), but with all homology groups re- 
placed by those with rational coefficients. By assumption, the map Q = Hn+i{W, V2; Q) 
Hr,{V2;Q) is injective, which implies that Hr,{V2;Q) = Hn{W;Q) © Q. Suppose that 
HniW, Vi;Q) ^ Hn-iiVi, Q) is non-trivial and hence injective. Then HniVi, Q) = HniW] Q) 
and HniV2] Q) = HniVi; Q) © Q. We can leave the basis of F„(Vi) as the basis of HniVi; Q) 
and translate via homologies in W to basis elements of if„(V2; Q). Then a basis of if„(V2; Q) 
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can consist of these together with a. But since a is the boundary of the cocore of the handle, 
it is clear that, in V2, a intersects trivially both itself and all the generators from if„(Vi), 
which can be taken to lie in Vq = Vi — S"'^^ x Z}"+^ (Vi minus the attaching sphere) by general 
position. Thus the matrix R2 representing iJ„(V2;Q) if„(V2,-F;Q) would increase by a 
row and column of Os from this shows that a must generate a summand in the kernel of 
p^,. Thus E is unaffected, and the linking pairings of the remaining basis elements remain 
unchanged by Lemma ffi. 21 So E remains unchanged up to isometry. 

So, now suppose that Hn(W,Vi;Q) iJ„_i(Vi;Q) is not injective, which means that 
it must be rationally. Then we see that HniW;Q) = if„(Vi;Q) © Q, which implies that 
Hn{V2; Q) = Hn{Vi) © Q2. This implies that F„(V^2) = Fn{Vi) © Z^, and we further claim 
that E2 = Ei®Z'^. This will be accomplished if we show that ® Q = (i^i Q) © Q^. To 
see this, we will make some more calculations. 

Let Vq = Vi — S"'^ X _D"+i be Vi minus a neighborhood of attaching sphere. ifj(Vo) = 
Hi{Vi) for i < ?2 — 1 by general position. Next, we consider the Mayer- Vietoris sequence 



H^{y2, 



We see that iJj(Vo) Hi{V2) is an isomorphism induced by inclusion for i < n — 2. For 
2 = n — 1, it is a rational isomorphism: The map in dimension n from Hn{S"~^ x S*") = Z 
to HniYo) ® Hn{D^ X S^) is injective since the generator of Hn{S^~^ x S") is also a generator 
of the summand Hn{D^ x S*"). So iJ„(V2) is isomorphic to the direct sum of the image of 
which has rank equal to that of if„(Vo), and at most one Z summand which would come 
from Hn-i{S"'~^ x 5"). But from the Mayer- Vietoris sequence for Vi, 



we know that /7„(Vo;Q) has at most 1 dimension more than if„(\4;Q)- This is because 
Hn-i{S'"'^^ X 5"") Hn^i{Vo) ® Hn-i{S'^'^^ X Z}"+^) must be injective as it carries a generator 
of Hn-i{S"-^^ X S") to a generator of i/„_i(S'""^ x Z}"+^). So to get the extra two rational 
summands that we must have in if„(V2; Q) from Hn{Vi; C 
fc* © Q is in dimension n — 1 (and also then that -Fn(Vo) 
-^n(Vo) F'niVi) induced by the inclusion map). 
So now consider the diagram 



), it must in fact be the case that 
= FniVi) © Z with the projection 



Hn{V2) — H^{V2, F) ^ H„,-,{F) A H^-i{V2) — H^-i{V2, F) 



V2 



To 



HniVo) — H^Vo, F) H^-iiF) H^.M) H^-iiVo, F) 



(4) 



ri 



H^iV) — H^iVu F) if„_i(F) K.-iiV,) H^-iiV, F) . 
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We know that all vertical maps from Hn-i{F) and to the right are rational isomorphisms 
(using the five lemma for the relative terms). We also know by Poincare-Lefschetz duality 
that Hn(y2, F; Q) has dimension two greater than Hn{Vi, F; Q), since this is true of if„(V2; Q) 
and Hn{Vi; Q). But the Q-dimension of ker(ii) is the same as that of ker(z2) according to 
the diagram. Thus the Q-dimensions of im{d2) and im{di) agree. But these are equal to the 
dimensions of the coimages of these boundary maps, which implies that the kernel of 82 must 
have dimension two greater than that of di. Hence we see that E2 ^ Q = {Ei ® Q) (B Q'^- 
Hence ^2 ® Q — (-^1 ® Q) © since E and E always have the same rank. Thus the desired 
correspondence holds for the ranks of the integral groups. 

If we look at diagram Q integrally, the map rji remains an isomorphism, as observed 
above, but the map 772 may only be onto with kernel a torsion subgroup. It is onto by 
the Mayer- Vietoris sequence. That the kernel is torsion follows since we have seen that the 
kernel is rationally 0. We also know that 61 and 0i are onto by general position. 

Now, let's think about 62. We've established that in the Mayer- Vietoris sequence for V2 
that the image of if„,(V2) Hn-i{S^~^ x 5"") must be isomorphic to Z. Therefore, we have 
an exact sequence 

> [Hn{Vo) ® H„iD^ X 5-)]/im(A;,) > Hn{V2) > Z > 0. 

But again the image of k^, is of the form (2;, 1) since a generator of Hn{S^~^ x S*") maps to a 
generator of Hn{D^ x 5'"'), and furthermore, this sequence must split since it is onto a Z term. 
Thus the map 62 is split injective, and, modulo torsion, if„(V2) = -ff„(Vo)©Z = if„(Vi)©Z^. 
One of the Z terms is generated by the primitive of the cocore of the handle, which was ao; 
in fact FniVo) = FniVi) © (ao) from the Mayer- Vietoris sequence. 

As for 02, it must also then be injective by the five lemma. 

So at this point, we have established split exact sequences 

> Z > FM) ^ ^n(^l) > 

> HniVo) > Hn{V2) > Z . . 

Now recall from Section |21 that we can choose a basis for FniVi) such that 

project to a basis {^ij^i for Ei and {5i}i=m+i ^ basis for the kernel of ri : FniVi) — >• 
FniVi, F). Since the kernel of ri is equal to the image of the map induced by the inclusion 
F — > Vi, we can further assume that these latter classes are represented by chains lying in F. 
By general position, we can also assume that we have chosen chains representing the 5i that 
do not intersect a neighborhood of the attaching sphere of the surgery. This chooses a lift of 
these basis elements to F^(Vo) and using the first split exact sequence above, we see that a 
basis of FniVo) consists of these lifts plus an element generating the extra Z summand. And 
from the Mayer- Vietoris sequence for Vi, the extra Z summand is generated by a primitive 
of the element represented by * x S"", which in V2 will be homologous to the boundary of the 
cocore. In fact, because of the splitting, this primitive will be the boundary of the cocore 
itself. So now using the split injection of the second short exact sequence, we see that a 
basis for F„(V2) consists of the lifted the boundary of the cocore which we have called 
ao, and a generator of the second new Z summand, which, we will call 60 and which maps 
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nontrivially into iJ„_i(S'"~^ x S"") in the Mayer- Vietoris sequence for V2. Furthermore, since 
the {(^iliLm+i still represented by chains in F, they are also in the kernel of r2. But by 
our earlier dimension counting arguments, which tell us that we must have £"2 = -Ei © Z^, 
this implies that this is the entire kernel of r2, so E2 has a basis consisting of the {6i}™^i, oq, 
and bo. 

So, at the moment, we have a basis of E consisting of the images of the (translated 
up to V2) plus ao and Bq. Now we can finally look at the Seifert matrix for E2. Lemma (6.21 
still holds in that these translated Si will have the same linking matrix 61 as they did for 
Vi. And since ao corresponds to the boundary of the cocore, it is null-homologous in W and 
thus links trivially with all the translated 5i and also with itself. Thus as in [13j, we obtain 
a matrix for 62 of the following form: 



where ^1 is an m x m matrix, is a 1 x m matrix, ^ is an m x 1 matrix, and x, x', and y 
are integers. The key difference from Levine's matrix ^21 P- 188] is that here x' + (— 
while being the intersection number of and bo, will not necessarily be ±1. 

In fact, this element 60 maps to a multiple of the generator of i/„_i(S'"~^ x S"") under 
the boundary map of the Mayer- Vietoris sequence for V2. This implies that as a chain, 69 
can be represented by a multiple of the attached disk suitably translated into V2 plus 
another piece whose boundary is a multiple of the attaching 5""^, also translated into V2. 
Note that the intersection number of 60 and oq is the smallest possible (in absolute value) 
non-zero intersection number between oq and all elements of E2: ao does not intersect any 
of the 6i, since they all lie in Vq and Qq is the cocore of the handle. Nor does Oq intersect 
itself, since the cocore can be pushed off itself along the handle. So no further changes of 
basis keeping ao fixed can provide a basis element that has a smaller non-zero intersection 
number with ao than 60 does. Clearly, however, the intersection of ao and 60 is non-trivial. 

Now, from §3.6], the Alexander polynomial Cn(t) associated to the coimage of Hn{C; Q) 
Hn{C, X; Q) and determined up to similarity in A is the determinant of {—l)^~^^{R~^yTRt — 
r' = {R-^)'{{-lY+^TRt-R!T') = (i?-i)'((-l)"+i^'t-e). But recall that we also know that, 
with an appropriate integrally unimodular change of bases (which therefore won't affect its 
determinant), —R = 6+{—l)^6' , where here R is just the transpose of the intersection matrix 
on E. So the Alexander polynomial is the product of the determinants of ((— 1)"+^^^' — 6))^^ 
and (— l)""'"^6''t — 6*. If we compare these polynomials as obtained using 6*2 and 9i, we see that, 
just as in the determinant of ((-l)"+i^^t-^2) is that of ((-l)"+^^^t-^i) multiplied by 
((-l)"+ia;t-a;')((-l)"+^x't-x), and we also see that the determinant of ((-l)"+^6'^ -6*2))"^ 
is that of ((-l)"+i0i - 9i)-^ muhiplied by ((-l)"+ix - a;')((-l)"+^a;' - x). Since this mod- 
ification to the Seifert matrix cannot change the polynomial, which is an invariant of the 
knot, beyond multiplication by ± a power of t, it follows that either x' or x must be 0. 

If it so happens that x' + (— l)"x = ±1, then 62 and 61 are integrally S-equivalent as in 
[T^ . In some cases, this will be guaranteed. For example, if the attaching sphere S"~^ is 
nullho mo logons in V2, then bo can be chosen so that the intersection of ao and 60 is equal 




(5) 
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to 1. We already know that 5"" ^ cannot represent a free element of Vi, or else 9* : Q = 
Hn{W, Vi, Q) Hr,^i{Vi; Q) will be injective, which will imply that Hr,{W; Q) ^ //n(^i; Q), 
which we know does not happen in the case under consideration. So the remaining case is 
that in which S*""^ is division null-homologous, but not null-homologous itself. 

We know by Poincare duality that there must be an element of if„(V2, F) whose inter- 
section with oo must be 1, and again this must be an element that is the sum of two chains, 
one of which is represented by the core of the handle (pushed into the boundary of the han- 
dle) and the other of which must have as boundary one piece that is the attaching sphere 
and another piece that is in F (this second piece cannot be empty, else S"^^ bounds in V2, 
which is not true in the case under consideration). In other words, we sec that in this case 
the attaching sphere must be homologous to a cycle in F. Thus this "bad'' case, in which 
x' + (— l)"a; 7^ ±1, can only happen if the attaching sphere represents a torsion element of 
Hn-i{Vi) that is in the image of i?„_i(F) under inclusion. In this case, we do not have 
S-equivalence, per se, but we do obtain a special type of elementary expansion of the form 
above, with cither x or x' equal to and the other equal to the intersection number of ao 
and 60 • We do obtain rational S-equivalence 

This completes our study of what happens to the Seifert matrix when a handle of index 
< n is added to the interior of V. But of course the addition of handles of higher index can 
be treated by reversing the direction of the cobordism. So this takes care of all surgeries on 
spheres in the interior of V. 

6.2 Changing the boundary Seifert surface 

We have already examined internal surgeries, so it remains to consider those that simply 
add to the boundary. Again we can break the situation into the addition of one handle at a 
time by the usual Morse theory argument. So we must see the effect on the Seifert matrix 
of adding a handle to V along F. We will denote V plus this handle as V, we will let F' be 
the new resulting boundary piece after the surgery, and we will let Fq represent F minus a 
neighborhood of the attaching sphere. 

We first prove that in most dimensions attaching a disk to V along F does not affect the 
Seifert matrix. 

6.2.1 Handles of index n, n -|- 1 

We consider attaching a handle of index j so that V ~^.e 
only Hi — j, so Hi{V) = Hi{V') by inclusion for i ^ j, j ■ 
unless j = n or j — n+1. 

Meanwhile, we have the Mayer- Vietoris sequences 

> if„(5^-i X ^2n-,-i) , Hn{Fo) (B Hn{S^-' X D'^'-^) > H^{F) > 

> H^S^-' X S^--^-') > Hr,{Fo) (B Hr,{D^ X S^^-^-') > H^F') > . 

If J < n — 1 or if J > n + 1, then we see from these sequences that Hn{Fo) is isomorphic to 
Hn{F) and Hn{F'), the isomorphisms induced by inclusions. So from the diagram 



,V[JD^. Then Hi{V', F) ^ if and 
- 1. In particular, Hr,{V) ^ H^iV) 
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Hr^iF) Hn{V) > Hn{V,F) > 

k 

Hn{Fo) HniV) . Hr,{V,Fo) > 

H^{F') H^iV) > H^{V',F') > , 

we also see that cok(i) = cok(i'), and since the maps are induced by inclusions, we can 
choose the same chains to represent bases of each. The Seifert matrices therefore remain 
identical, since we then see that we can pick these representative chains in V, and their 
push-offs along normal vector fields to V and subsequent linking numbers are unaltered by 
the handle addition. 

These arguments can be extended without great difficulty to the case j — n — 1. The map 
induced by inclusion Hn{Fo) — > Hn{F) may now fail to be an isomorphism (see the Mayer- 
Vietoris sequence), but it remains onto, from which it follows that cok(i) = cok(io) since 
im(io) = im.{ik) — im(i). The map Hn{Fo) — > coim(i') must also be onto since we sec from 
the Mayer- Victoris sequence that there is a surjection Hn{Fo) (B Hn{D^ x S^^''~^~^) Hn{F'). 
But the generator of Hn{D^ x S'^""-'"^) = Z is the boundary of the cocorc of the handle and 
so bounds in V' . Thus the image of this summand is in the kernel of i' . So Hn{FQ) must map 
onto the coimage of i' under HniFo) — > Hn{F') followed by projection. Hence the image of 
i' is equal to the image of the composition of i' with Hn{Fo) — > Hn{F'). It now follows again 
(since Hn{V) = Hn{V')) that cok(io) = cok(i') as above but factoring through coimages and 
the Seifert matrix again remains unchanged as we can choose representative chains in V. 

This leaves the cases of j = n and j = n + 1. 



6.2.2 Handles of index n 

In this case Hn{V', V) = Z and Hi{V', V) = otherwise. This imphes that Hn{V) Hn{V') 
is injective, and either it is an isomorphism or the inclusion of a direct summand, the other 
summand being Z. 



Case: H„(V) ^ H„(V'). Assume that Hn{V) ^ Hn{V'). This will be the case if : 
Hn{V', V) Hn_i{V) is injective, which will happen if the attaching sphere for the handle 

generates a free subgroup of Hn^i{V). 

The Mayer- Vietoris sequences for F and F' become 

> Hn{Fo) > Hn{F) > Z®Z //„_i(Fo)®Z > Hn-i{F) > 

> H^{Fo) > Hn{F') > Z®Z > i/„_i(Fo)®Z > H^-i{F') > 0. 

(6) 
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Claim: the vertical maps induced by inclusion in the following commutative diagram are 
isomorphisms 

Hn{Fo) Hn{V) 



and therefore cok(io) — cok(i'). The righthand map is an isomorphism by the assumption 
of this case. The lefthand map is injective by the Mayer- Vietoris sequence. To see that 
the lefthand map is surjective, we consider the long exact sequence of {F', Fq). By excision, 
Hn{F',FQ) ^ HniD"" X S''-^,S''-^ X 5"-^) ^ Z, generated by the cell x *, which is a 
translate of the attached disk. Then in the exact sequence 

Hn{Fo) > H^{F') > Hr,{F',Fo) = Z ^ H^-i{Fo), 

the image under 5* of the generator of Hn(F', Fq) is a translate of the attaching sphere 
in Fq. But by the assumptions of this case, we know that this chain generates an infinite 
cyclic subgroup under the inclusion map iJ„_i(Fo) — >■ Hn-i{V). Hence must be injective, 
whence H^^Fq) — >• Hn{F') is surjective. 

We next consider the exact sequence of the pair (F, Fq). By excision, Hi{F,Fo) = 
Hi{S''-^ X X -S"-^). So again //„(Fo) ^ //„(F) is injective, and Hn{F,Fo) ^ Z is 

generated by the cell * x D^. 

Subcase: Hn(Fo) Hn(F). Hn{Fo) Hn{F) will be surjective if the boundary of 
the cell * X the boundary of a fiber of the normal disk bundle of the attaching sphere, 
generates an infinite cyclic group in i/„_i(Fo). In this case, both vertical maps in 

Hr,{F) Hr^iV) 

Hn{Fo) H^iV) 

are isomorphisms, so cok(io) = cok(i). Thus together with the previous calculation that 
cok(io) = cok(i'), we have cok(i) = cok(i'), and since all of these vertical maps have been 
by inclusions, each cokernel can employ the same chains as generators, whence the Seifert 
matrices are identical. 

Subcase: Not Hn(Fo) Hn(F). In the alternative case in which a multiple of this 
fiber sphere bounds in Fq, there is a splitting and Hn{F) = Hn{Fo) © Z. The Z term can be 
generated by the sum of two chains, one lying in Fq and one in S^~^ x both of whose 
boundary chains are corresponding (opposite sign) multiples of the fiber sphere (of course 
the one not in Fq will just be a multiple of the fiber disk). This can also be seen from the 
Mayer- Vietoris sequence. Call this generator a. If a bounds in V, then if„(Fo) — >■ Hn{F) 
will be onto the coimage of Hn{F) — > Hn{V) and it will follow again that cok(i) = cok(i'). 
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Similarly, if the image of a in Hn{V) is torsion, then HniFg) — > Hn{F) will be onto the 
coimage of Hn{F) — > Hn(y) mod torsion. Again we get cok(i) = cok(i') and isometric 
pairings. 

So the one remaining case of interest in this subcase will be that in which the image of 
a generates an infinite cychc group in V . Note that, since Hn{Fo) — > Hn{F) is injective, 
Hn{Fo) — > Hn{V) actually factors through Hn{F) so that the image of the Hn{Fo) summand 
of Hn{F) will agree with the image of Hn{FQ). 

We will actually see that a multiple of the image of a in Hn{V) lies in the image of 
Hn{Fo). This will imply that cok(i) = cok(io) mod torsion, and it will follow that the Scifcrt 
matrix is unchanged by the addition of the handle. To prove the claim, we consider the 
image of a in Hn{V), still represented by the chain a as described above. Since the inclusion 
Hn{V) — Hn{V') is an isomorphism, a must represent an infinite cyclic subgroup of Hn{V'). 
The image of this homology class in Hn{V',F'), also represented by (the appropriate coset 
of) a, must be for the following reason. By duality, we know that Hn{V') and Hn{V', F') 
arc dually paired by the intersection form. But our chain representing a in Hn{V', F') can be 
made disjoint from any other chain representing a class in Hn{V') since all such classes can 
be assumed to lie in V and hence the interior of V using the inclusion-induced isomorphism 
Hn{V) = Hn{V') and by pushing in along a collar of the boundary F of V. But a lies in F 
and hence is disjoint from any such chain. We conclude that a represents a torsion element 
in Hn(y',F'). Thus some multiple of a must be in the image of Hn{F') — > and 
hence the image of the composite Hn{Fo) ^ Hn(F') — > Hn{V'). So some multiple of a is 
representable by a chain lying entirely in Fq. By these geometric arguments, or by chasing 
the diagram around algebraically, we see that some multiple of a G Hn{V) is in the image 
of Hn^Fo). So a goes to a torsion element in cok(i) and so in cok(i) mod torsion. 

Case: H„(V) ^ H„(V'). We next consider the case in which H,,{V) ^ H,,{V'). This 
happens if Z = HniV' ,V) — > if„_i(y) has non-trivial kernel, i.e. if a multiple of the 
attaching sphere bounds in V . In this case, HniV') = -ff„(K) ©Z, the additional Z summand 
can be taken as generated by a chain C consisting of a multiple of the core of the attached 
disk and a chain in V whose boundary is a multiple of the attaching sphere. By pushing 
in along a collar of dV, we can assume that the geometric intersection of this chain C with 
F is the attaching sphere. C is well-defined in this way up to a cycle in V, but we can fix a 
specific one as a generator of the summand. 

Subcase: Hn(F') = Hn(Fo) © Z. Suppose that the translate of the attaching sphere, 
d{D"' X *), * G iS"^^, weakly bounds in Fq. Then from the long exact sequence of the 
pair (F',Fo), we see that Hn{F') = Hn{Fo) © Z. This follows since Hn{F',Fo) = x 
S'"~^,S"'~^ X S""'^) = Z, using excision and the long exact sequence of the latter pair. The 
distinguished Z summand of Hn{F') = Hn{F) © Z can then be generated by a chain B 
composed of a multiple of a translate of the core of the handle and another chain in Fq 
whose boundary coincides with that of this multiple of the core. B is well-defined up to 
cycles in Fq, and again we fix a representative. The image in Hn{V', V) of the chain B 
represents a non-trivial multiple of the generator. 
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We will study cok(i') and cok(io) modulo torsion. Writing Hn{F') = Hn{Fo) ® Z and 
Hn{V') = Hn{V) © Z, we have clearly that i'{x, 0) = {io{x), 0), since the image of Fq is in V 
and hence all such elements go to under the surjection Hn{V') ^ Z = Hn{V', V). We also 
have that i'{0, B) = {y, z), where y is unknown at this point, but z must be non-zero, since, 
again, we know that B represents a non-trivial multiple of the generator of Hn{V', V). 

Consider the diagram 

^ H^{Fo) ^ H^{F') _ Z ^ Hn{F')/Hn{Fo) ^ 

io il 

^ H^iy) ^ Eniy') ^ Z ^ Hn{V')/Hn{V) ^ 

As noted, the righthand vertical map must be injective. Thus its kernel is 0, and by the 
serpent lemma the map cok(io) cok(i') is an injection. 

If we consider this diagram with Q coefficients, the righthand map is also surjective and 
cokQ(io) = cokq^i'), induced by inclusion. 

Now let's look at i7„(Fo;Q) — > i?„(F;Q). This is also an injection by the long exact 
sequence of the pair. Suppose it is not an isomorphism. Then from the long exact sequence 
of the pair, iJ„(F;Q) = iJ„(Fo;Q) © Q. A generator A of the distinguished Q can be 
represented by a chain contained in F consisting of a multiple of a fiber of the tubular 
neighborhood of the attaching disk plus a chain in Fq with the opposite boundary. This is 
because the existence of this extra term implies that a multiple of the boundary of the fiber 
bounds in Fq. We will see that this situation actually can't arise. 

In Hn{y',F'), the image of A is clearly homologous to a multiple of the relative cycle 
generated by the cocore of the handle, and, by the assumptions of this case leading to the 
non-triviality and non-torsion of C, the intersection of A and C cannot be 0, and it would 
follow that this image of A generates an infinite cyclic subgroup of Hn{V', F'; Q). So under 
the maps Hn{F) — >■ Hn{V) — >■ Hn{V') Hn{V',F'), A must map to a non-trivial element. 
Thus A maps to some element 7^ x e Hn{V; Q), which maps to 7^ (x, 0) G Hn{V'; Q). 
Now consider the image of x in Hn{V', F'). This elements is still represented by A, modulo 
chains in F' . The intersection of A with any cycle in y is 0, since any such cycle can be 
pushed into the interior of V and thus be made disjoint from F and F' . Now consider the 
intersection of A with C. We know that i'(0,-B) = {y,z), where z = mC for some m G Q. 
But then the intersection of A with {y, z) is 0, since (y, z) goes to in Hn{V', F') and since 
A is the image of an element of HniV'). But this implies that the intersection of A with y 
is the negative of its intersection with z. But the intersection of A with y is since y is in 
Hn(y). Thus the intersection of A with z is 0, and so the intersection of A with C is 0. It 
then follows that A must map to in H^iy' , F'- Q) since Hr,{y\ F'- Q) and H^iy'; Q) are 
dual under the intersection pairing. So we arrive at a contradiction. Thus it must be in fact 
that Hn{F) = Hn{Fo). 

So we see that that cok(i) = cok(io)- However, we still have that cok(io) — cok(i') may 
only be an injection, the cokernel of this map being a cyclic torsion group. We can assume 
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by changing basis if necessary that, modulo torsion, this map is represented by a matrix that 
is except on the diagonal, all diagonal entries except perhaps the last one being equal to 
1. The last entry is non-zero, say p, but may not be 1. So now all other basis elements of 
cok(?'') but the last are represented by the chains that represent them in cok(i) mod torsion 
and so their linking pairings with each other remain unchanged. The last basis element is 
homologous to 1/p times a chain lying in cok(i). So each of its linking numbers will simply 
be 1/p times those for the corresponding chain in cok(i). Hence the change to the Seifert 
matrix is to multiply the last row and column by 1/p. In other words, the Seifert matrix 
changes by a rational change of bases, although the new matrix must also be integral. 

Subcase: Hn(Fo) = Hn(F') = Hn(F). Suppose Hn{Fo) = Hn{F'). In this case, we 
show first that it is impossible to also have i^„(Fo) = Hn{F), induced by inclusion. So 
suppose that Hn{Fo) = Hn{F') = Hn{F), both isomorphisms induced by inclusion of Fq. 
Then the attaching sphere must generate a torsion (or zero) subgroup of i?„_i(F). This is 
because all cycles of Hn{F) can be homotoped into the interior of Fq so that the intersection 
of the attaching sphere with any such cycle is empty. Thus, by the Poincare duality of the 
2n — 1 manifold dV, whose homology in all but the top dimension is equal to the homology 
of F, the attaching sphere cannot generate a free subgroup of Hn-i{F). It follows that some 
multiple of the attaching sphere must bound in F. Thus, in rational homology, in which 
Hn{V'; Q) = Hn{V; Q) © Q, the distinguished Q summand can be taken as generated by a 
cycle C composed of the attaching disk and a chain in F whose boundary is the (negative 
of) the attaching sphere. A multiple of C will generate the corresponding distinguished Z 
term with Z coefficients. 

Okay, so now if i?„(Fo) = i7„(F), cok(i) = cok(io), integrally or rationally and generated 
by the same cycles in Fq. And since Hn{Fo) = Hn{F'), also generated by the same cycles, 
im(zo) = im(i') C Hniy) C Hniy'), so we see that cokQ(i') = cokQ(io)®Q, the distinguished 
Q summand again generated by C. So the rational Seifert matrix for V has one more row 
and column than that for V , and except for this row and column is identical to that for V . 
In this row and column, all except possibly the diagonal entry must be because C cannot 
link any element in V . This is because in the process of putting a cobordism on F, we have 
extended the knot originally in £)2n+i jj2n+i y g2n ^ j cobordism from F lies 

in 5"^" X 7, and hence so does C. But all element representing cycles from Hn{V) lie in the 
original Since the n-dimensional homology groups of both £)2r!.+i g2n ^ j ^^^.^ 

trivial, cycles in each can bound entirely within each (and we can push along some collars if 
necessary). So C need not link anything from Hn{V). Thus the rational Seifert matrix is 
along the additional row and column except where they meet. 

But now this must violate the invariance of the Alexander polynomial, which can be 
computed from the rational Seifert matrix. If the diagonal term is or if n is odd, then 
R — —9' + (—1)"+^^ is singular, which is impossible. If the diagonal term is not 0, say it is 
X 0, then the Alexander polynomial will be altered by multiplication by = which 
is also impossible as this term is not a rational multiple of a power of t and hence not a unit 
in the ring of rational Laurent polynomials. 
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Subcase: Hn(F') = Hn(Fo) but Hn(Fo) ^ Hn(F). In this case, = i^„(Fo) © 

Z, from the long exact sequence of {F, Fq). The Z term can be taken as generated by a chain 
A that is the sum of a multiple of the fiber disk of the tubular neighborhood of the attaching 
sphere and another chain in Fq with the opposite boundary. 

The chain A must generate an infinite cyclic summand in Hn{V) because, under the 
composition if„(F) HniV) — > HniV' , F'), A becomes relatively homologous 
to a multiple of the cocore of the attached handle, and this cocore must have a non-zero 
intersection number with any chain generating the distinguished Z summand of Hn{V') = 
Hn{V) © Z. We do not here run into the contradiction of the previous similar case since 
it is no longer true that a multiple of the generator of this summand of Hn{V') is in the 
image of i', since now the image of i' in HniV') must equal the image of io in HniV) C 
HniV). Meanwhile, the image of A in HniV) must not be in the image of if„(Fo), since the 
composition if„(Fo) = HniV) HniV, F') is 0, and we know that the image of 

HniFo) in HniV) is the same as the image of if„(Fo) in HniV) C HniV). So we see that 
in fact A generate an infinite cyclic group in HniV) that is not in the image of if„(Fo). So, 
mod torsion, cok(io) — cok(i) © Z. 

It also follows from the serpent lemma that cok(i') = cok(zo) © Z = cok(i) © Z^. 

^ HniFo) ► HniF') ^ ► 

io i 

HniV) HniV) Z 

Thus we see that the Seifert matrix for V' has two more rows and columns than the one for 
V , and, excluding these rows and columns, the matrices agree. We must now determine what 
entries go in these last two rows and columns for V . By changing bases if necessary, we can 
assume that A is a multiple of a generator of the distinguished Z term of cok(io) — cok(z) ©Z. 
But as in the previous case, we see that A, because it lies in F, does not link with any of 
the cycles in HniV) including itself. It can only possibly link nontrivially with a chain 
generating the distinguished Z summand of HniV) = HniV) © Z. The same is then true 
for the generator of the summand containing A. Thus the matrix for V must differ from 
that for V as in equation (0). The same arguments then show that we must have a rational 
S-equi valence. 

6.2.3 Handles of index n + 1 

Consider again the long exact sequence for (F, Fq). By excision, Fq) = HiiS"^ x 

F)"-\5" X ^"-2). Clearly, x D""!) = Hn-iiS" x ^""2) = 0, and furthermore, 

HniS^ X 5""~2) ^ HniS^ X D"'^^) = Z, the isomorphism being induced by inclusion and 
taking a generator S" x * c S" x S'""^ to a generator S"" x * c 5" x D^~^. It follows that 
HiiS"" X F)"-i, 5" X and hence HiiF, Fq) is for i = n, n + 1. Thus ff„(Fo) ^ HniF), 

induced by inclusion. Thus from the commutative diagram 
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Hn{F) H,,{V) 

we see that cok(i) = cok(io)- 

On the other hand, we consider the Mayer- Vietoris sequence for F' and Fq. Since 
H^-iiS"" X S""-^) = i/„(L>"+^ X = 0, the inclusion-induced homomorphism H^{Fo) 

Hn{F) is onto, possibly with kernel represented by the attaching sphere, appropriately trans- 
lated to 5" X * C X c Fq. 

Meanwhile, since V' is obtained from V by attaching an n + 1 handle, Hi{V, V) is for 
i n + 1 and Z for i = n + 1. Thus Hn{V) — >• is also onto, and its kernel is also 

generated by the attaching sphere. If the class of the attaching sphere is either trivial or 
torsion in Hn{V), then Hn{V) — > Hn{V') is an isomorphism mod torsion, and we obtain a 
diagram 

Hn{Fo) 

onto = 

H^{F') F^{V'). 

Again we see that cok(io) = cok(i), and again, since all maps are induced by inclusions, the 
Seifert pairing is unchanged. 

If the attaching sphere generates an infinite cyclic subgroup of Hn{V), it must also 
generate an infinite cyclic subgroup of Hn{FQ) (if some multiple of it bounds in Fq, then that 
multiple also bounds in V since Fq <zV). So we have the following diagram 

Z ^ //„(Fo) Hn{F') ^ 







«0 


i' 



^ Z ^ H^{V) ^ H^{V') ^ 0, 

in which both Z summands are generated by the attaching sphere. It follows now from 
the serpent lemma that cok(io) = cok(i'). It once more follows that the Seifert matrix is 
unchanged. 
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